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We present a functional perturbation theory (FPT) to describe the dynamical behavior of
dense, inhomogeneous fluid mixtures, and from this show rigorously that the generalized
Langevin equations are a first order form of this FPT. These equations lead to linearized
kinetic equations for the singlet dynamical distribution function and for the higher distribution
functions. These kinetic equations for inhomogeneous fluid mixtures reduce to those of Sung
and Dahler [J. Chem. Phys. 80, 3025 (1984)] in the case of homogeneous fluids. Finally, we
prove that the kinetic equations derived can be used to derive a “smoothed density” postulate,
in which the local transport coefficients for inhomogeneous fluids are equated to those for a

homogeneous fluid of the same smoothed density.

I. INTRODUCTION

Although several theoretical approaches to the micro-
scopic theory of transport processes are available for homo-
geneous fluids,’® there have been few attempts to develop
the kinetic theory for strongly inhomogeneous fluids, and in
particular for inhomogeneous fluids of liquid-like density.
Such a theory is needed for the study of fluids near interfaces
and in microporous media,*® where the pores are often in
the size range 5-20 A. The most successful approach to such
fluids was suggested® and later developed'®!! by Davis and
co-workers; it was based on an intuitively reasonable exten-
sion of the revised Enskog theory.'>'* At an ad hoc level, it
has been postulated that local transport coefficients in inho-
mogeneous fluids can be set equal to those for a homoge-
neous fluid whose density is set equal to some “smoothed”
density obtained by averaging over densities in the immedi-
ate region of the point of interest in the inhomogeneous sys-
tem."*> Such an approach follows the successful use of such
smoothed density ideas for equilibrium inhomogeneous
fluids; although the use of such smoothed densities rests on
rigorous foundations for the equilibrium case,'® no analo-

gous foundation exists so far for their use for nonequilibrium
fluids.

In this work we present a new attempt to establish a
more rigorous microscopic theory for the description of non-
equilibrium behavior of strongly inhomogeneous fluids, and
in particular liquids. The approach is based on the general-
ized Langevin equation (GLE) method originally suggested
by Zwanzig,!” generalized and developed by Mori,'® and
heuristically extended by Akcasu and Duderstadt.’® As a
method of deriving time evolution equations for time corre-
lation functions of fluids, the GLE approach has proved its
usefulness over almost three decades.”’®?* The GLE ap-
proach has also been used as a starting point for deriving
kinetic equations by Sung and Dahler,?>?® who showed that
mean field kinetic equations (MFKEs) for homogeneous
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fluids obtained in such an approach were identical in form to
the linearized version of the revised Enskog equations'?
(REEs) for hard sphere mixtures. These REEs have been
proved'>!* to be consistent with the Onsager reciprocal rela-
tions, for which an entropy functional exists. The important
difference between MFKFEs and REEs is that the structure
factors (radial and direct correlation functions) take into
account the soft attractive intermolecular forces in the for-
mer case, whereas they do not in the latter. Thus MFKEs
lead to hydrodynamical equations and transport coefficients
which are in good agreement with experimental data for den-
sities and viscosities of homogeneous liquids. The MFKEs
can be regarded as an extension of REEs to fluids with inter-
molecular interaction potentials that include soft attractive
parts. Also, the MFKEs were proved”’ to coincide with
analogous equations of linearized kinetic variational theo-
I.y'5,27 .

The theory for inhomogeneous fluids presented here
was inspired by the work of Sung and Dahler?® for homoge-
neous fluids. In Secs. II and ITI we develop a functional per-
turbation theory (FPT) scheme and prove rigorously that
the GLEs of Refs. 18 and 19 can be considered to be exact
equations of the first order FPT with respect to thermal dis-
turbances of the collective dynamical variables. Attempts to
develop such a scheme were taken originally by Sauermann
et al®® for dynamical systems under the time-dependent ex-
ternal fields, and by Pozhar?® for scalar dynamical variables
describing time evolution of dynamical systems with ther-
mal disturbances. In the present investigation we develop
ideas of Ref. 29 for vector dynamical variables. The FPT
scheme developed below is based on (a) the Liouville equa-
tion for collective dynamical variables, together with (b)
functional Taylor expansions of the time derivatives of these
variables, and (c) some specific mathematical features of the
Laplace transforms. In the framework of the FPT, the GLE
is a linearization of the more complicated equation describ-
ing time evolution of the collective dynamical variables.
Thus the GLE leads to linearized kinetic equations, both for
singlet distribution functions and more complicated correla-
tion functions of fluids. The FPT scheme also permits us to
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derive nonlinear master equations for collective dynamical
variables of the n-th order with respect to thermal distur- -

bances of the collective dynamical variables. These could be
of significant interest for the description of the time evolu-
tion of dynamical systems with strong memory effects.

In Sec. IV we extend Sung and Dahler’s approach,”®
and use the GLEs to derive mean field kinetic equations for
singlet distribution functions of strongly inhomogeneous

fluid mixtures; these reduce to the MFKEs of Sung and -

Dahler” if the equilibrium numerical densities of the com-
ponents are independent of coordinates. At the end of Sec.

IV we analyze the equations derived, and establish their

compatibility with the “smoothed” local density postu-
late,’ in which local fransport coefficients for inhomogen-
eous fluids are equated to those for a homogeneous fluid of
the same smoothed density.

Il. MAIN ASSUMPTIONS AND EXPANSIONS OF
COLLECTIVE DYNAMICAL VARIABLES

We choose a set of N collective dynamical variables
{B,(q,p,¢) } where i = 1,2,...N, that are sufficient for a com-
plete description of the system’s collective behavior; for ex-
ample, for a fluid mixture system these dynamical variables
would include the phase space densities of species, momenta,
angular moments, and energy. For further convenience; and
without loss of generality, we can consider their invariant

parts to be zero, and that the ergodicity conditions hold,
T

lim (1/7) | B,(apt)dt= 2.1
—e (3]

We expect!® the first time derivative of B, (q,p,?) to take the
form [Though q,p above are independent of ¢, we use the
notation (d /dr) for the derivative to stress the fact that
B,(q,p,t) depends on ¢ through the coordinates and mo-
menta q%(2),p%(z) of particles from the dynamical system,
which we have not included explicitly as arguments of the
B..]

d
. Bi (Q9p’t) = F(‘LPJ)
dt

=F, [{Bj(X,u,T)};v= 1 s‘

0 PXU> — 00, 3730, ] + F§(a,p2),
(2.2)
where F, [ ] is an operator acting in a Hilbert space of the
dynamical variables and depending on the previous history
of {B;(q,p,t) }'_ |, and F, (q,p,?) represents contributions of
other degrees of freedom of the system. Due to our choice of
{B (q,p,t)}, _ 1 with invariant parts equal to zero, and con-
sidering F, [ ] as an analytical operator and setting ¢, =0,
we can rewrite (2.2) in the form?3°3!
d. =1 ¥ &
ar D) = ,,;1 pEDI)
J<kgr o gm=1

n

XJ dr, --'dr,,f du, ;'-du,,
0 -

3
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®(I? .m(pyt'Tl’ 9Tn’uls !u )B (un,T )

J

X+ X By (u2,7'2 )B; (u,,7) +F(’)(p,t),
‘ (2.3)
where we have used a Taylor series for the operator £, [ 1,
and p to denote (q,p), and u to denote dummy variables
(u,x) of integration. We require the functions ®§ ,
contributions #{” (p,¢) to belong to the space C of mﬁnlte-
ly differentiable functions. Also, for most dynamical systems
we can expect that the ®)..,, are symmetrical functions

- with respect to any permutation of their arguments in sets

{w...

.1, } and {7y,...,7, }, and also
(1)

_]k m (pat Tyge0esT,

j(l? ‘m (p9t — Tise >4, )- (2.4)

In order to make practlcal use of (2.3) we should restrict our
consideration to some limited number M terms in the sum in
the right-hand side of (2.3), so that the other terms with
n > M areincluded into £ $” (p,#). We should emphasize here
that the idea of a collective mode description of the many-
body system time evolution assumes that the restricted sum
in the right-hand side of (2.3) defines the evolution, so that

F {9 (p,t) should be thought of as terms of the next order with
respect to the M-th term in the sum. We now make the M-
multiple Laplace—Carson (LC) transforms®®** of Eq:
(2 3, '

LCUAD) =fz) = zfm e~ #A)dt.
L 0

For the first order terms in B, (u,?) in the right-hand side of
(2.3), after changing the order of integration and integrating
by parts, we obtain

Uy el )

ol — Tpyly 5eee

(2.5)

’4
Lc(f O (p,5;7,d) B, (ﬁ,r)dr)
0
=zlf dr|  dte '@ (p,tr8)B, (§,7)
0 T

) o0 dl—l
= ¥
22

dr €=

CUTh (@) ———— —a—Be (u,O), (2.6)

(1+ m)

where the coefficients C (u) are complicated combinations
of ®{ (p,#;7,u) and its’ derivatives with respect to 7 and/or ¢
calculated at # = 7= 0. Here and elsewhere in this paper we
use the standard convention of integrating over the domaln
of an overscored varlable, e.g.,

Ady)giLy) = fduf(u,y)g(u;v).

Since the LC transform in the left-hand side of Eq. (2.6)
is a function of z, and is uniquely determined by its LC pre-
image §§ O (p,5;7,0) B, (1i,7)dr, the whole sum on the
right-hand side of (2.6) has to converge to the result of the
LC transform of the left-hand side. On the other hand, the
coefficients C}(u) are numbers at every given u, so the
whole dependence of the series =, in the right-hand side of
Eq: (2.6) on z, is represented by factors 1/2{'+™ that multi-
ply C!¢ ;(u). Also, each series =, is multiplied by B, (u,t) or
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it’s derivatives calculated at ¢ = 0, which are also indepen-
dent of z, at every given u.

Thus, it follows from the above that at every g1ven u
each series £, should converge to one unique function of z,,
say, £ {9 (p;z, ,u) which is the sum of the corresponding se-
ries. Since the space of LC images of infinite differentiable
functions is complete, the sums & {* (p;z, ,u) should belong
to this space. Thus expression (2.6) could be written in the
form .

~t

LCU dry - dr,OR..,, (D5 kTl 000, ) B, (0,7, )X
o}
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LCU @y (p,5;7,1) B, (ﬁ,v')dr]
0 PRI
o d'B, (#i,0
=3 £z, 1) ——k(T—) 2.7)
=0 dt

Reasons analogous to those given above permit us to
obtain the LC image of the n-th term in the sum from the
right-hand side of Eq. (2.3),

*X B, (4,7, )B (ulaTl)] -

© = d"B, (u,,0 d"B, (i,,0) d"B,(i,,0) . _
= 3N EE (0,2 s Zy sl ) (, LAV "(1 2.0) J(,_‘ ), (2.8)
dt™ de? - dt"
Lyly =0 - o
where the functions £ {%*; "™ have a meaning analogous to the functions £ {*’ above. - N
Thus, the result of the M-multiple LC transforms of Eq. (2.3) has the form '
1 M 1 N N = o0 B . 7
Bi(p:zl ) =Bl(p’0) +—Z_ Z - 2 2 z zgl(}k m)(p,zn 12n)u13 ll )
L=t . Jgk( r<m I, I,,=O
d"B,, (ii,,0) d"B.(4,,0) 1 ... o
% I A, X : J(k[l 7 +-—-’F§’)(p,21)- (29)
dr™ drt z, :
We can now make the inverse M-multlple LC transforms of (2.9) with respect to ¢, = ¢, = '+ =1, =1 to obtain an
expansion '
M N N £ oo @ .
Bi(pt) = Y - Z DD du, eedu, £195 0 (potuy .00, )
n=1 j<k< “m=1 1, 1 ~0 ) '
Nt ™

n

d"B,, (u,,0 d"B,(u,,0
% (1 ) R ,(11 )
dt' dt"

+ F{(p,p).

(2.10)

where functions £ {¥*;"™ (p,5uy,...,u,) are defined uniquely by their LC preimages, &%, ™ (D2} ,.-sZ, Uy 5.4, ), and

F{P(pt) =LC™ 1{(1/z1 )F, (p,z;) }-

The expansion (2.10) can be written in more compact form if we introduce column vectors -

7‘...1"(“"" U, T, “'Tl) =
d"B,(n,,7,) 9By (uy73) o d"By(uy7,)
de dt’= et
d"'B,('u,,{Tn)X_ L dh Bk(uz,rz) d"Bji‘u, 1)
dr' dt® dth
dI"BN.(u”’T") dl’BN(“?JT2) dI'BN(.ul’T])
dt™ dt* dr’
(2.11)
and, in particular,
Bl (pat)
Ag(pt) = =B(p,1).
BN(pJ)

r

Then from Eqs; (2.10) and (2.11) Wé can obtain a matrix
form of the expansion (2.10),

B(p’t) = z (I) (D,tun su )

‘n=1

AT (ﬁ,,--ﬁn +E o, (@12)

where the matrices A"(u, - -u;) are cbmposed of column
vectors A7 ..., above, calculatedatr, =7, = -7, =0, the
dot- denotes matrix product, and matrices @, (p,u, - *u,,)
are composed of row vectors

Iioend,
(DI: . (p9t;ul9"'un)

n
e
1.1

FATYA

(p,5uy 500l )iy
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. n ~
7 H
ikeof NN---N }

§1 . (p,t;ul,...,u,,),...,é‘l (p.tuy,.m, ) f,

oo, oo,

i"g (p,?) is the column vector
F®O @
|, (V) (p,) |
and

N
fles -+ f 'k...
&1, (s ,,) = 3 ERUE D (psug,..00,).

m=1

Further on we also use the vectors B*=A{. .,; vectors A% ..,
are defined by Eq. (2.11). We should emphasize that the
expansions (2.10) and (2.12) have been derived from Eq.
(2.3) without any restrictions on the functions

O .. (pt;ry - 7,,u,, 0, ), except their infinite differen-
tiability. If we now use the physically reasonable restriction
(2.4), then the right-hand side of Eq. (2.3) will contain con-
volutions. As a result, in assumption (2.4) the expansion
(2.12) of the vector B(p,) will contain only vectors
Ag...o(u, " my).

In the vector notations above the expansion (2.3) canbe

rewritten in the form

M
B(p,?) = 2 — d'rl -dr,

gl 1]

KO, (Pt — Tyt — Tyl yeursll,, )

B(8, 0, 0m) B, (213)
where the matrices ®, are composed of row vectors
Oj.m =(0F) .., 0% ). Then the LC transforms of

Eq. (2.13) give

B(p,z,) =B(p) +— Z (l/n!ﬁ z,)

Zyn=1 =1

X O, (B2 00052y 3l 50001, )

- 1
B (1, -u;,z,000z,) + ;“Fz (psz,), (2.14)
1

where matrices ®, are defined uniquely by their LC pre-
images,
O, (Pt — 7150t —
Since Eq. (2.14) holds for any z, we have derived, in
fact, a system of nonlinear algebraic equations for B(p,z, )
(due to the structure of the vectors B"(u,**-u,,z," ©2,))
which could be solved, for example, by an iteration proce-

dure.** In the first order FPT Eq. (2 14) has an exact solu-
tion which generalizes Mori’s one,'?

B(u.z;) = A~ '(p,z,,u)8(p — u)-B(u)

Ty " W, ).

+ ZLA“ H(pozy ME(P — u)+F, (u,z, ),
1
(2.15)

where A ~'(p,z;,u) is the matrix inverse of the matrix
A(p,zy,w)=[6(p — w)I — (1/21)®, (p;z,,u) ] and I is the

unit matrix. Then the inverse LC transform of Eq. (2.15)
gives

B(u,t) = A~ '(p,5,u)8(p — u)-B(u)

+f dr A7 (pt — Tu)8(p — u)+F, (u,7).
0
(2.15%

From above we can now see that the expansions (2.10)—
(2.15) have the character of the projection of a vector upon a
system of mutual orthogonal vectors from the sets
A{A"(u; - -u, )M or A={B"(u, - -u, )} It is possible to
obtain such expansions because the LC (or L) transforms
have the property of introducing f{0) when transforming
time derivatives of any functions f(z).

The expansions (2.10)—(2.15') are of limited use until

1lantiva 4
we use some additional properties of the collective dynami-

cal variables. Their main property is that their time evolu-
tion is governed by the Liouville equation. In Sec. I1T we use
this fact together with results of this section to construct a
projection operator technique.

lil. PROJECTION OPERATOR TECHNIQUE

We consider a Hilbert space 5% of the dynamical vari-
ables, which are all functions of vectors (B(p,t)|, where
(B(p,1)] are column vectors composed of collective dynami-
cal variables {B; (p,) }} whose invariant parts are set equal
tozero.Let (F|G ), (F |,{G |e? beascalar productin #°. In
addition to the standard properties of a scalar product,

(F(pu 01, |G (D, Dy 1)
= [{G(p, " p:1,)|F(p, Py, ] T;
(G(p," p1,)|G(p, " py,8)) >0,
V{G(p, " "pi,1)|#0; 3.1

<Z CiE(pn o .pl ’t)lG(pn ‘”pl ,t)>

i=1

= E ci <E (pn o

=
V(F|,{G |€5#, and c; are numbers, we require that the Liou-
ville operator L,
N gH g

'pl !t)IG(pn ...pl ’t)>’

(the classical case)

iL={/<4 3dp; dr; or, dp; (3.2)
(/%) H, ], (the quantum case) '

be Hermitian'® with respect to the scalar product (3.1). In
(3.2) H is the Hamiltonian of the dynamical system in ques-
tion, r;,p; denote the coordinate and momentum of the j-th
particle, respectively, and T in Eq. (3.1) means Hermitian
conjugation, and [ , ] denotes commutator.

A collective dynamical variable (B (p,2) |e# is gov-
erned by the Liouville equation

Ew(l”’)l =iL <B(p,0)|, (3.3)
whose formal solution has the form
(B(p,t)| = exp[#L 1(B(p)|, (3.4)
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where we have omitted the index # = 0 in the right-hand side
of (3.4) and will use analogous reduced notation below.
Since {4 '(p, - p;)|€A are also dynamical variables
from & they should be governed by the Liouville equation
as well. Below, in order to treat the most general case, we
consider the I’ number of dynamical variables
(4'(p,*p, )|€A with / #n, because the method of organi-

zation of vectors {4 ‘(p, - *p; )| in sets A and the enumera-

tion of vectors in the A is not unique.

Due to the absence in (2.10)—(2.15") of terms of the
form {4'(p, " *p1)|F> (P, P1st)), these expressions can
be considered to be expansions of the vectors (B(p,?) |e#”on
the systems of the mutual orthogonal vectors from
A={(d(p, - p)|}} and (F, (p,1) |57,

r

S (4(p, )4 By BY)

=1

X (AN B4 (0 p)) T

= (silanma(pl - p; ) X ><6([)n - p;n )9

V(A k(pn T ) |EA’

(F(p,0)|[A (PP )) =0, (3.5)
where p” are dummy variables that are integrated over.

The relations (3.5) represent those additional proper-
ties of the scalar products (3.1) which permit us to construct
a generalized projection scheme for vectors {(B(p,t)|. We
have to stress here that the variables p,,....p, above are
points in the coordinate-momentum space and are not mo-
menta of any particular particles from the dynamical system
in question. The correlations (3.5) are generalizations of
those considered by Mori,'* Akcasu and Duderstadt,'® and
Pozhar.”

As was pointed out above, the vectors {4 ‘(p, **p; ) [€A
are also collective dynamical variables by their definition,
belonging to 5#°. We denote their values at >0 by
{A4'(p,"*p1,t)|- Thus, using Eq. (3.5) permits us to find a
projection of any vector {4 ‘(p, " *p;,t)|&# onto the I'-di-
mensional subspace 57’ C % which is spanned by the vec-
tors {4 '(pi- - p) 1} = A, P{A (D, p1 D)

P<A i(pn T 'pl 1t)|

r r
=ZZ (A l(pnpht)lA I(ﬁkﬁl )>
j<i=1
X(A'(l—lk...ﬁl)lAj(;;m...vl)) Ll(Aj(vm"'ﬂ)l-
' (3.6)

The operator P defined by (3.6) and satisfying the condition
P(1 — P) == Qisalso a linear Hermitian operator, and thus P
is a projection operatos.

Now we write down the explicit expression for the pro-
jection Wi (24 5{p}i{p'}7") of a vector (4 '(p,"*"pi.0)|€¥
on a vector {(4/(p;,"-p}) €A,

Wi e {pk o'}

r
=,z<Ai(p”...p]’t)|Al(ﬁk.__l-l-l))

I=1

X (A (T80 )| op1)) T (3.7)
Below we also use symbols Vi 5t ',
Vi(ed 5{p} {p'}?), and ‘i/]f 4 {p}¥:{p'}7) to denote the
values of the functions \I/;ﬁ defined by Eq. (3.7) at £ =0, and
their first time derivative calculated at ¢ = ¢ and ¢ =0, re-
spectively. Due to Egs. (3.6) and (3.7) the expansions of the
vectors {4 ‘(p, ' *p,,¢)| onto the set A take the form

r
(4'(p,p,0)| = T W4 X {p'})

=1
XA/ @y pi)| + {4 (p, et s
(3.8)
where
(A(p, - pt) | = (1= P4 (p, P, (3.9)
and the operator (1 —P) projects a vector

(4i(p,"py,t)|e onto the subspace 7| C#°, where
e, =7

After differentiating Eq. (3.8) with respect to ¢ and us-
ing the Liouville equation (3.3) for (4 ‘(p,, " *p,,¢)| one ob-
tains

(Ap, - pyist) =L {4 (D, "p1,t)]

r ., N .
= S Wi 5 {p} YA/

=

+ 44" (p," P10 s (3.10)
and then from Eq. (3.10) at =0,
(A'(p, )| =iL {4, p1)]
- 3 LR EN
=
XAAIB; B A+ {4 By P
(3.11)

where ()1 ‘()| denotes the total first time derivative of the
vector {4 °( )]-
Below we use the expressions’

(4 (p,p)| = (K4 'p, P (3.12)

where (K(4%p,- D, )| is the time-independent vector in-
troduced and discussed by Sachs,** and Mori and Kawa-
saki,?®'® which is defined uniquely by the time reversal oper-
ator of Ref. 35.

We now proceed directly with the generalization of the
projection operator method of Mori,'® Akcasu and Duder-
stadt,'® and Pozhar.?” By differentiating Eq. (3.7) with re-
spect to £ and taking into account Egs. (3.9)—(3.12) one can
prove
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r r r )
Lya RO =Y S 3 ULRR @O A ST
Lky=1
XA (o T A (B B DL DY) A (DL p})) ~ o Y (K(A%p, p) 4 @Bl — )
l=1

XA B4/ (pL,p})) Y (3.13)

r

where Hermitianness of the Liouville operator has been Then the solution (3.15) takes the form
used.
Operating using (1 — P) on the Liouville equation for

Teoor oot 3 B 3
{4'(p;---p7,t)| and using Egs. (3.8), (3.11), and (3.12) AN pp) | = dsz W (s 5{p"}o{w})

one obtains &
d x(%k((t—s),{w}i’)l. (3.18)
—{4" 't
dt< (ps--p; )l
= (1 —P)iL {4 (py;-pr,1)| The propagator U(t) defined by Eq. (3.16) and the
r “random forces” (3.17) have the same form as those of Refs.
+ 3 W {p Y WK A RKF, 7). 18, 19, and 29.
k=1 (3.14) From Eq. (3.8) written for (4 ‘(p}‘--p{,t)| and Eq.

(3.18) it immediately follows that for the conjugation
: [4(p;---pY, — 1)) of the vector {4 '(pZ---p,t)| one ob-
Equation (3.14) is integrated to yield tains

4 r
(Ao p10)| = f ds et =90 = PiL A5ty =) = 3@ W))
0 =

XWI(ed 5{p" 3o {w}e)
AP
[0S B et
X AK (A 5w, ). (3.15) X Skz,ll%k(( ). Aw¥7)
XWT(sd 5{p"}e{w}e),  (3.19)

.
X ¥ Wilsd5{p el
k=1

We now introduce the notations,

U(t)=exp[t(1l — P)iL ], (3.16)  Where ¥ means Hermitian conjugation, and the Hermitian-
ness of the Liouville operator has been used.
(& @} |=U0 (KM, - p, - (3.17) Substituting Eq. (3.19) into Eq. (3.13) one obtains
J

rrr., . )
-j—,“/ﬂff* N o} = T3 3 Wi (4 4 ) WE (e SEHTIN (4 7HT, 9,14 (5 5)))

Lky=1

rr —t
XCAE B/ -pD) T+ XX (K BB~ 1 ),{wH)
Lk=1

\IJIT(SA k, {5”}&;{“,}0) <A I(—'” _Il)lAj(pm p; )) - l' (320)

From Eq. (3.7) and Hermitianness of the Liouville operator it follows that

it (sa 5{p" }p{w}7)
rr .
= XA W WO T F)) T W - A KT (A 7T |4 0 p0) ). (3.21)
myy=1
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We now introduce definitions of damping functions

@ ¢y (sA4 5{p} {v})
= — (&P ITe( — ?{W}”)>
XA W, )47 (Vo v)) T (3.22)

where Eq. (3.17) has given
(F{p}D)| = (K(4%p, -*p,)|- Then, substituting Eq.
(3.21) into Eq. (3.20), taking into account Eq. (3.5), using
definitions (3.22), and changing the time variable s to
(s — t) one can prove that ‘

ro ] - rrc ot
—%\v;‘ (A = ¥ Vi ioki{aR) i sEg o + zzf ds
k=1 0

X @ o (s, I ATVt — )4 {73 o'},

The LC transform of Eq. (3.23) with respect to ¢ is

km=1

(3.23)

Wi (24 Hp¥ {p' ) = w4 ¥ oY) + — Z Wi (4" {p}”{u}” YW (24 % AN

k=1

+ % EZ @ ¥ (2} T2 m;{v}zlz{p,},ln) )

km=1

We have derived a system of I'? matrix equations for the LC
images Wj(z4'{p}:{p'}") of projections of vectors
{4'(p,"**py,t)| on the vectors (4/(p., - p;)|eA, where
@ (2, {p}; {v}%) represent the LC images of damping func-
tions defined by Eq. (3.22). Equations (3.24) are a general-
ization of Eq. (37) derived by Mori'® and Egs. (2.21) of
Ref. 29, and the fluctuation—dissipation relations (3.22)
generalize those of Refs. 18, 19, and 29. The system of inte-
gral matrix equations (3.24) can be solved after explicit in-
troduction of the set A.

We demonstrate the projection scheme above in its first
order form, and derive the GLE. In the first order FPT
scheme, instead of the set A we have the unique vector
{B(p,0)|, as can be easily seen from Eq. (2.15), and from
Eqgs. {3.6) and (3.7) one can obtain

P<B(p1’t)l

= (B(p:,")|B(®)){B{®)|B(B,)) ~(B(®,)l, (3.25)
and
¥ (¢B;p; ;)

= (B(p,1)|B(®"))(B({®)|B(p,)) " (3.26)

Taking into account Eq. (3.5) at r =0, from Eq. (3.26) it
follows that

‘pl (B;p,,p2) =6(p;, —p)L, (3.27)

where 1 is the unit matiix. Substituting Eq. (3.27) into Eq
(3.24) one obtains an integral matrix equation

\I,l (zB;p,,p,) =8(p; — )X

—‘If‘ (B;p1,p)Vi (zB;9'.p, )
+-‘¢(]) (Z’pl’p )\II (ZB,I) ;pz): (3.28)

with @ 1}, (z,p,,p’) defined by its LC-preimage (3.22),

(3.24)

(4 H) (t’pl :p,) == - (%1 (pl )l%l ( - t—”)>
' X{B({B")B(p)) "
The solution of Eq. (3.28) is

\Ili (ZB;ll,pz) == Ag{T l(pl :Z,“)‘S(pz - u)a(pl - ll),
(3.29)

where A Y(p,,Zn) is the matrix inverse to the matrix

Ay (py,zu) =8(p; —wI— %‘i’i (B;p, u)
— —:;gv o (zp,m). (3.30)
Thén Eq. (3.8) takes the form
(B(p'\0)| = Ay '(p.z,p)8(p — 1))
X(B(")| + (B'(0',2)], (3.31)
wherein (B'(p',t)| is defined by Eq. (3.18) ‘with

(F(p)| = (F,(p,5)|. Comparing Eq. (3.31) with Eq.
(2.15") one can derive

®, (p.zp) =291 (Bp,p") + @ 1} (zp.p). (3.32)
The inverse LC transform of Eq. (3.32) with respect to z
gives o A
©, (0,1p") = 260} (Bipp') + @ 1Ly (60,0")- (3.33)

On the other hand, from Eq. (2.3) one can obtain for the
case under consideration

%B(p,t) =J- dT@l (p»t“— Tsﬁl)B(ﬁlyT) + F2 (P,t)-
(4]

(3.34)

Substituting Eq. (3.33) into Eq..(3.34) gives
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1374 L. A. Pozhar and K. E. Gubbins: Dense inhomogeneous fluids

%B(p,r) — W (Bip,F)B(F)

t
_J; dT¢“) ((t_7)7p’p’)B(§,’T)- (3.35)

Thus, we have proved that the master equation (3.35) is
an exact equation of the first order FPT with respect to ther-
mal disturbances. Since the above development is general,
master equations of different FPT orders can be derived in
the above way for any quantities whose time evolution is
governed by the Liouville equation. Taking into account the
differences in notations and in the definition of @ {1, (#,p,p),
which in the investigation presented above differs in its sign
from those of Refs. 18 and 19, the master equation (3.35) is
the GLE of Refs. 18 and 19. For a scalar dynamical variable
the scheme developed above leads to a generalization of the
corresponding equation of Ref. 29. The second order FPT

master equation for a vector dynamical variable can also be.

obtained; in view of its complicated structure we do not de-
scribe it here.

There are mathematical questions of separability and
completeness of the Hilbert space 7 introduced at the be-
ginning of this section which have not been solved here, nor
in Refs. 18, 19, or 29. We leave these questions to mathemati-
cians, and go on to derive mean field kinetic equations for the
singlet distribution functions of strongly inhomogeneous
fluids in Sec. IV.

IV. KINETIC EQUATIONS FOR STRONGLY
INHOMOGENEOUS FLUID MIXTURES

" We consider an inhomogeneous fluid mixture of non-
reactive structureless molecules numbered with Greek in-
dices a, B,..., of species iy, etc., labeled with Latin indices.
The fluid—fluid particle interactions are assumed to be pair-
additive, central and decomposable into the sum

P14 = (¢ + 95 (@), (4.1)
where @, is a hard core repulsive contribution,
+ 0, gqFf<oy,
(g¥) = [ (4.2)
Pualqy 0, qgﬁ> oy

and @ (q7”) represents an attractive soft interaction that is
assumed to be continuous and ¢3® = ¢§°q’ = qf — q7.q7
and ¢ are vector coordinates of the particles &, B belonging
to species i, j, respectively. The inhomogeneity of the fluid
mixture is caused by an external field potential. We consider
two cases of external field potentials. '
(1) vE(g%) is a continuous potential of a general kind
with q7 = ¢74; and (2) a fluid-wall potential of the type

Vi (g50) = vE(gR) + Ve (@) (4.3)
where the hard-core contribution is
+ 00,  Gh <O

Vi (g -—-{ s (4.4)
0’ qiw > in’

and vE_ (¢%*) is the attractive part of the interaction be-
tween the a-th fluid particle of species / and the w-th particle

belonging to a structured solid wall consisting of particles of
species w. The wall restricts the fluid volume, and is impen-
etrable to fluid particles. We also assume that fluid mixture
particles cannot react with wall particles, and that the latter
are structureless, all of the same species, and cannot move
from their average positions in the walls, q,, = ¢,,4,,-

The evolution of a fluid collective dynamical variable
A[L(2)], where T'() = {q7(#), p{()}(pf =m,v{ is the
momentum of the a-th particle of species i, v and m; are its
velocity and mass) is a dynamical state of the fluid system, is
described by the Liouville equation (3.3) with the solution

‘ {exp(itL+)A(0), t>0,
A(D) = exp(itL _ )A(0), <0,

which follows from the singularity of the potentials @, (¢5°)
and v%, (¢2¥), which contain hardcore repulsive contribu-
tions. The Liouville operator iL , is the sum of free particle,
iL % fluid-fluid interaction, iL/_ , and fluid-external field
(case 1), iL &, or fluid-wall interaction (case 2), iL %_, oper-
ators,

(4.5)

N, [
['LO:? Loi’ (4.6)
‘T a=1M; aq?
1 MeooN
L =>3% ¥ 31 47
2 FF ab=1;,a78
wherein
J ad ad
7 = =L ;’”)-(—-———)
§+ WS q; 7 o
+ lvgﬁ.ﬁ;ﬂ@( . vﬁ,’ﬁ-d:;") 8( qgﬁ _ U'ij) |
X (bgP~1), v¥P=vP— v (4.8)
Yoy 3
L= — —Vi(gf)— (case 1) (4.9)
z =19q7 Iy
or
N, N,
ILE =33 S I (case 2) (4.10)
fa=lw=1
wherein
rem =~ 9 kg O Tevvrazg,), (411
aq7 ap;
T7(via7,9,) = V705, |O( 5 via5,
X6(qhy — 04, ) (BT — 1),

95 = G — 47 = g5,45, -
In Egs. (4.9)~(4.11) ®(x) denotes the unit step function,

and b§? are the hard core collision operators®® for fluid—fluid
interactions, and

bivi=vi* = vi + 2(va3) A5,
where v7,vo* mean the pre- and postcollisional velocities of a
fluid particle, respectively.
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A. Generalized Langevin equations for the species
phase space and singlet distribution functions of
inhomogeneous fluid mixtures -

We consider the collective dynamical variable

Ny
4,(gp,t) = 3 5(q—qf()8(v — vi(1)

a=1

{ > 54—~ afay —vi(en)

@ =1

N,
= 3 8(qa—qf()8(v —vi(1))

a=1

—n,(q) P, (v), (4.12)
which is the deviation from equilibrium of the phase space
density of species i. The bracket { ) denotes averaging over
the grand canonical equilibrium ensemble; here temperature
is T=1/kgf3, N; is the number of molecules of species i,
n;(q) is the equilibrium number density of species i, and
D, (v) is the Maxwell-Boltzmann velocity distribution func-
tion. The GLE (3.35) in component representation is

'58; AI (q,V§t) - iﬂj} (q,V;.‘i'ﬁ}, )Aj ((_llsv,;t) i

=& (q,v1),
(4.13)

where for convenience of comparing our results with those of
Ref. 26 we have introduced for the matrices W!,p !} and the
vector F, (p,?) the following notations

. v
+ J ds 2;(q;v;q,V';t — $)4;(q,¥'55)
(o]

Wl (A;p,p') =i0(q,v;q’V'), (4.14)
@ ((t=9)pp)= — Z(q,vq ¥t —5), (4.15)
F, (p,2) =% * (q,v;1), (4.16)

so that, corresponding to Egs.(3.26), (3.22), and (3.25),
19, (qwa,Y) = (UL, 4,(aMIE@ )

XA (@' VA ¥,¥)) ™ (417)
is an element of the frequency matrix describing an instanta-

neous response of the system, * means complex conjugation
and

25w v) = (& (@) T *(@"7))

X {4 (@ )43 (V)Y ™" (4.18)
is an element of the dynamic memory matrix describing the
delayed response. The projection operator (3.25) and the
random forces ;" defined by (3.17), (4.16) take the same
form as those of Ref. 26.

Introducing averaging over the nonequilibrium grand
canonical ensemble in the same way as that of Ref. 26 one
can find that the GLEs (4.13) averaged over the nonequilib-
rium ensemble give the kinetic equations (2.17) of Ref. 26.

As was discussed in Secs. II and III, the terms
i (q,v;¢) in the GLEs (4.13) should be considered to be
terms of the next order of smallness with respect to other

termsin Eq. (4.13), in order to give meaning to the collective
dynamical variables description of the time evolution of the
system. Also, the ensemble average of the fluctuating term
%;* tends to zero after many collisions have occurred if the
initial state of the system is near equilibrium.’” As we have
seen in Secs. IT and III, the GLEs are rigorous equations of
the first order FPT, and thus we can only use them correctly
if the state of the dynamical system in question is near to a
stationary or an equilibrium one. The conclusion of Ref. 37
that (F;* (q,v.1)),, —~0 is also consistent (without restric-
tion on the fluid density) with Bogoliubov’s hypothesis de-
scribing the Kinetic stage of the many-body system time evo-
Iution in terms of singlet distribution functions, as was
pointed out by Sung and Dahler.?® Thus, (& (q,v;2)),.
can be set equal to zero. The next step in the investigation of
Eqgs. (2.17) of Ref. 26 is to find an appropriate approxima-
tion for the dynamic response 2. As in Ref. 26, it seems to
be logically justified to consider a zeroth order approxima-
tion 2; = O at first. The results derived in Ref. 26 using such
an approximation when deriving mean-field kinetic equa-
tions of homogeneous fluids proved this approximation re-
mains informative and permits one to prove reasonable and
tractable kinetic equations. Thus, as the first step in investi-
gating the kinetic state of the inhomogeneous system time
evolution, we also adopt a zero approximation for 3. Fol-
lowing Ref. 26, we consider the coupled set of mean-field
kinetic equations

—j—;ﬁFi (@v;t) — i (q V@ TI6F, (@70 =0 (419)

as the starting point for studying the time evolution of the
inhomogeneous fluid mixture described by the departure
from equilibrium, &F;, of the nonequilibrium singlet distri-
bution functions £;(q,v;z). [In Egs. (4.19), as in most cases
in this section, we use the standard convention of summing
on a repeated index. ]

As we shall see, Egs. (4.19) can be rewritten in exphclt
form in the case of an inhomogeneous fluid mixture as well,
and generalize those of Ref. 26.

B. The explicit form of the mean-field kinetic equation
for inhomogeneous fiuid mixtures

To write down an explicit form of the kinetic equations
(4.19) one should calculate the frequency matrix iQ}; of Eq.
(4.17) which can be represented in the form

i, (x,x") =i (xx") + Q) (x,x") + iQ5 (x,x"),

(4.20)
where x denotes (q,v) and
i (xx") = ({iL"4,(x) YA ¥ (X"))
Xyy (Fx) r=0LE, (4.21)
and y ~ ' defined by
a (X )y (X7 ,x') = 8,;6(x —x') (4.22)

is the inverse of the static correlation matrix with elements

¥y (ex') = {4,()A*(x)), (4.23)
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where §(x — x') =8(q — ¢ )5(v — V') isthe product of the
Dirac & functions.
After simple calculations (see Appendlx A) orie can ob-

tain
Xy (xx") = 8;6(x — x")n; ()@, (v)
+ 1,(Qn(q) P, (V)P; (V) (a.q), (4.24)
wherein
hyi(a,q) =gy (a.q) — 1, (4.25)

and the pair correlation function g, (q,q’) of the inhomogen-
eous fluid mixture specific to the two species / and j is defined
according to van Hove,*®

n(q)n;(q)g;(a,q’)

=33 s(a—a5(q —qf) (4.26)
a#fB
Then from Egs. (4.22) and (4.24) it follows that
Xi x,x') = 8,8(x — x)
X[ (q)®; ()]~ — ,j(q,q ) (427)
where the functions
Cy(a.q) :f dq” av" yu '(a,%q",v")-
Xn, (q")P, (v") 1y (q",q") (4.28)

satisfy the Ornstein~Zernike relations,

(q,q ) + f dq” Cy (99" )n(q" )hkj (q9",9") = h;(q.q'),
(4. 29)

and have all the other properties of the direct correlation
functions (se¢ Appendix B). Thus, they are the direct corre-
lation functions for the inhomogeneous fluid mixture.

Using Eas. (4.27), (4.29), from (4.21) at r =0, after
some calculations (see Appendix C), one can derive

, . p|[d
QG (xx) = 5.;J‘ dq' ?Z{Eéé(q -q" }

x8(q' — q)8(v—v). (4.30)
Thus, it follows from Eq. (4.30) that
Zf dx’' zQ. i (x,X")OF, (x';t)
= f dql—{i‘é‘(q - q‘)}éF,- (q',v;1)
m; L dq
— —vI sF(av), @31
dq ,

where we have used the 8-function derivative ’property (C5)
of Appendix C.

The most complicated calculations are connected with
deriving an explicit expression for the fluid—fluid interaction
contribution 1‘9;} (%,x") to the frequency matrix. They are
discussed in Appendix D where a method analogous to that
of Ref. 26 has been used. In Appendix E we calculate the
external field contribution iQZ i (x,x') to the frequency ma-
trix. Thus, summing up the expressmns (D14) and (E2) of
Appendices D and E, respectlvely, in case 1 (an external
field potential of a general kind v*) one can derive

10 (xx') + Qg (x,x") = ,,Zqu dq’ @v' avi{I ;}8(v —v)}8(v' —v)8(q' — q)8(qa—aq")

X (@)@, ()gy (ga) + f dq' dq? dv' av?

X{I 285(v —v")}8(v?

Xn (q") P, (v')g,;(q",9%) + 6, | do' av'{IF's(v—

+ n,(q)P; (v)v [——~"(:’q)

- Zf dq3 nl (qs)CIJ (q39ql)]’
7
where we have taken into account that

aY,(a,9%) avi(q)
zfdz ’("“ n(@)gn (0.0 + ;qq o,

=+ ﬁgly (q’ql)

—v)6(a—q")6(q' — ¢

v)}8(q—q")8(q’

MV, (aq.q") } +
dq

—q)8(v' —v)

an.
"(;(q)da-(u)v[l +Cylaq)

(4.32)

(4.33)

as the resulting force acting on a particle of species / at point q in equilibrium is zero. The quantity ¥, (q,q') is defined in

Appendix D.

An analogous expression in case 2 [external field potential v£, defined by (4.3)] can be proved by summmg up the
expressions (D15) and (E4) of Appendices D and E, respectively.
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Q] (x,x") + iQF (x,x') = c?ng dq' dq? dv' dv{I }6(v —v)}8(v' —v)8(a — a)8(q' —q) -
]

X, ()@, (v")ga(q',a*) + f dq' dq* av' dvz{I},zﬁtv — v}V — v)8(q — ¢")8(q — )

xn; (") D, (v")g; (a'.d) +'6,.,f dq' dg® avi{I F'%6(v —v)} -
X8V — v)}8(a— q)8(q" — q') 1, ()81 (a1,4%) + 1, ()P, (V)Y

aC;(q,q") ,. 0¥, (q,q")
X [——’——-— + Pg; (a.4) -—~’———]
dq aq

an;
+ naflq) <1>,v(v)'v[1 + C;(q.q') — Zj dq’ ni(q3)C,-,(q3,q’)], (4.34)
I

where we have also made use of multipliers
Y (4,9°) Vi, (4,9°) PN
Z‘,f de? ny (@) (0,02) ———— + J do® —=-—"">n,(¢")8(a.4") =0, (4.35)
dq dq
which represent the resulting force acting on a fluid particle of speéies i at point q in eqhilibrium in case 2. The quantities

VE (q,q9') and n, (q) are defined in Appendices D and E.
Substituting Egs. (4.31) and (4.32) in Eq. (4.19) one can derive in case 1 of a general external potential vE,

at a v -
Xg; (a', ) 6F; (q',v'5t) + qu‘ dq? dv' av{I?6(v —v')}8(q —q") -

(Z+vL)orcamn = s [ da da? av avirsc —va¥sta—an @, 00
R q . J . R

1, (q); (0")g, (@, a2 8F, (@ v%t) + m, (), ("v)VJ dq'

3C;(a.9) L ZICR O] PN T CY 11+ caq
x{ ') | ge,(qq) L }5F,(q,v;t)+ : <1>,-(u>vqu[1+c.-j(q,q>w
: . aq 3(1 ) ) . a(lz ..

vhit).

- Z J dq’ m QQ")Cy(Q",Q') ]5F} (q’ﬁ';t)] =+ J dq' dv'{IF'6(v — Vl):}:é':(‘q —q )OF; (q',

~ : - (4.36)

~ Sofar we have not used any properties of the fluid—fluid interaction potential except its pairwise nature together with Eq.
(4.1), where we have considered @5 to be of a general form” @5 (¢%,¢%). We now make use of the fact that
a?}). Then from Eq. (4.36), definitions (4.38); and (4.39), (4.31), (4.32), (4.19),'(4.33), and (C6)

?s(ah.q)) = ps(Jaf —
of Appendix C, one can derive in case 1 of the external potential v}

(% + v,.-é%)b‘F,(q,-,v,-;t) =3 U dq, dv; T;{n, (4,)P;(v,)8,(4:,4,)8F, (a;,¥:30)
i J :
+ni((h)q)i(vi)gij(ql‘:Qj)aF}(qj'»VjSt)}:y ' N
aCi oY) i - J :H i =
+ nf(Qi)q)i(Ui)viJ dqj‘('—j"('tqj_)' - gij(ql »4;) :,L‘(—’q‘i_)')aﬂ(qj?vj;t)
dq; ) ‘aq,'j ]
o On(a) .. ) . S .
+ 3 @, (5,)v, | dg;| 1+ Cylaq) — X | da, n,(a,)C;(diq)) |8F;(q;, 9530 1, (4:37)
; . e T e BT - . —
where the quantity ‘ C o - o o
L 438

fH(gy) =exp[ —Bonlay] —1=0(g; —a) — 1L, ¢y =t —a,l; S
is the Mayer function specific to the hard-core fluid-fluid interaction, and we have used the operators .

439

Ops(a;,q
ot (Lo 19y, g,
aq, m; av, m; 9v; . .

Tg = 6(“11‘ - qjl - Uij)lvrj'ﬁijl{G(vij‘ﬁij)by —0O(— vij.&ij)}
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- o-lzlf d&lvi].&

vy =v,—V, b;=bf with a=if=},

O( —v;6){8(q, —q; +0;6) —8(q;, — gy — 0,6 },

(4.40)

and where we have also changed notations (q,v) and (q,v') on (q,,v;) and (q;,v;), respectively.
Using the same procedure which has lead to Eq. (4.37), from Eqgs. (4.31), (4.34), and (4.19) we can prove in case 2

(external potential v%, ),

a af (in
[E".{_ V’. aql Bm f nw (qw )giw (qiaqw)

ad
——3SF. Vit
0 ;'} ACA]

= 2 [ J.dqj' dvj Tq{nj (qj)(pj(vj )g/j(q,':qj')6Fi (q;,¥138) + n,(q,) @, (v, )gij(qi:qJ‘)&F} (Qj,Vj;f)}
J

ac,(q;,
+ ni(qi)(pi(vi)vlf dqj'(“_qgl‘—qi)—
q;

an (q;)
dq

— 8y (4:9;)

i

+ quw T (98159 ) 7, (4 ) 8 (4159, ) 6F; (q;,¥:52),

where we have also denoted (q,v), (q',V'), (¢°¥°), (¢ v?) by
(q,,v;), (q;,%;),(q;,v,), and (q,,,v, ), respectively, and Th
is T from Eq. (4.11) at @ = i. We note here that, in princi-
ple, Eq. (4.41) can be obtained from Eq. (4.37) directly by
using the time smoothing procedure introduced by Kark-
heck and Stell.>®

Equations (4.37) can be reduced to Eq. (2 31) of Ref.
26 for a homogeneous fluid mixture, assuming
n,(q;), n;(q;) are equal to constants. Similarly to Eq.
(2.31), Eq. (4.37) and (4.41) do not contain explicitly the
soft fluid—fluid and fluid—wall interaction potentials, so the
effect of the soft interactions are confined to their contribu-~
tions to the equilibrium correlation functions. Thus, Egs.
(4.37) and (4.41) can be regarded as extensions of Egs.
(2.31) of Ref. 26 for homogeneous fluid mixtures to inho-
mogeneous ones, where the external potentials can be of a
general kind v¥ or a pairwise kind v£,,. Moreover, Eq. (2.31)
of Ref. 26 were proved to be a near-equilibrium linearized
homogeneous generalization (without restrictions on fluid
number densities) of the BBGKY equations for fluid mix-
tures with hard-core fluid—fluid interactions to interaction
potentials containing soft parts. Thus, Eqs. (4.37) and
(4.41) should be treated as near-equilibrium linearized in-
homogeneous generalizations (without restrictions on fluid
number densities) of the BBGKY equations. The linearity
of the generalizations above follows from the liner nature of
the GLEs, as was shown in Sec. III.

The absence in Eq. (4.37) and (4.41) of terms explicitly
containing soft fluid-fluid or fluid-wall interactions has im-
portant consequences. To see this we note that instead of the
definitions (4.12) for the collective dynamical variables one
could introduce collective dynamical variables 4 (@, V51),

af?(?g)
dq;

)51’} (9;,¥;51)

2189 ¢ (v, yv, f dq,[ 14+ Cylan) — f dq, n,(q,)cl,(q,,q,)]aF (q,,v,,n]

(4.41)

r
N;

Ad(gwt) = T 8(q~ g (D)5 — vi(1)

a=1

<25(q q?‘(t))a(V—v"‘(t))) (4.42)

a=1

= z 8(q — q()8(v — V(1))

a=1

— ﬁi(Q)q)i(U),

where { ) _ means “near-to-point-g-space-smoothed” aver-
aging over the equilibrium grand canonical ensemble, and

n;(q;)-

= Y3 8(q —qf(t) -

e fy

.ﬁk (qk )glk (qi7‘~'9Qk )

6(q — k(D)) (443)

defines the “smoothed” equilibrium specific van Hove corre-
lation functions §...,(4q;....q;}. The quantities (4.17),
(4.18), and the projection operator should also be redefined
so that they be expressed through the average ( ) _ instead
of { ). Thesense of space “smoothing” above is to introduce
7, (q;) so that 37;(q,)/dq; < OF;(q;,v;;t). If we require Egs.
(4.33) and (4.35) to hold for ‘“smoothed” #,(q,),
8 (4;,9; ), then Eqgs. (4.37) for an inhomogeneous fluid
mixture in a general external potential v¥ take the same form
as Eq. (2.31) of Ref. 26 for a homogeneous fluid,

J. Chem. Phys., Vol. 84, No. 2, 15 January 1991
Downloaded 02 Oct 2005 to 141.217.4.72. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



L. A. Pozhar and K. E. Gubbins: Dense inhomogeneous fluids 1379

d a
(a + vlaq’>5F (q,,v,,t

+ n,.(q1>¢i(u->§ij(qi,q,>81+}(q,,v

o) L
fd [ 5 (49, —&;(q,9;)

{J dqj dv; ,,{ﬁl (QI)q)j (v,)8;(q;q; YOF,;(q;,v;58)

"t) + ﬁ'(qi)(bi(vz)vi

gy
E)

i

]5F (4,,%; t)} (4.44)

and analogous equations (4.41) for an inhomogeneous fluid mixture in an external field vZ, can be written as

a
f (qlw (qw )giw(qi,qw)

+ ¥y - —

[a 3 1

d
Yol 5 9 \sr, (gt
5t g B ) aq, av,-] (2,,7:56)

= z [f dq_l dvj le{ﬁ;i‘(qj)(pj(vj )8, (4;,9;)6F;(q;,v;58) + 7; (q)9; (v, )gy(Qin)aFj(Qj,Vth)}
J

36‘7 (q:,9;)

3 — 8, (q,q;)

X7;(q,)P; (vi)viquj[

i

+ Jde T (V%8 ) Ay (0 8o (q;,9;)0F; (q;,v;5¢)s

where 71, (q,, ) is a smoothed surface number density for the
wall molecules.

Equations (4.44) and (4.45) can also be derived direct-
ly from (4.37) and (4.41), respectively, by assuming #; (q;),
instead of ;(q;),and taking into account that all other equi-
librium quantities there that are functionals***! of n,(q;)
should be changed to ones corresponding to 7;(g;).

V. CONCLUSIONS

In the investigation presented above we have developed
a rigorous functional perturbation theory (FTP) scheme by
means of the generalized Mori projection operator tech-
nique. This permits us, in principle, to derive the master
equation for any order of FPT describing the evolution of
collective dynamical variables of a many-body system. In
particular, we have proved that the generalized Langevin
equation is an exact equation of the first order FPT above.
The master equations for the higher orders FPT can also be
derived and should be useful for the description of the time
behavior of dynamical systems with strong memory effects.
We have also used the GLE to derive kinetic equations for
strongly inhomogeneous fluid mixtures under the assump-
tion that the dynamic memory matrix in the GLE is equal to
zero. The kinetic equations for inhomogeneous fluids with
first order dynamic memory effects can be derived from the
GLE with appropriate approximations for the dynamic
memory matrix. We have considered two cases each of
which includes an external time-independent potential field
of a general kind and pairwise fluid particle-wall particle
interactions. Such equations have been proved to be a natu-
ral generalization of those derived by Sung and Dahler?® for
homogeneous fluid mixtures. We have been able to establish
that these equations can be rewritten in the same form as
those for homogeneous fluid mixtures,?® by introducing a
space-smoothing procedure for equilibrium structure fac-
tors (number densities, pair and direct correlation func-
tions).

ary (q,,

]6F,(q,-ﬁ,;t>}

(4.45)

r

Unfortunately, from a general point of view, one cannot
introduce a unique procedure for “smoothing.” Such a pro-
cedure should be developed additionally for any particular
system under consideration. The “smoothing” procedure
for simple equilibrium fluids confined in narrow capillary
pores has been widely discussed (see, e.g., Ref. 42), how-
ever, and seems to be established.

As follows from Egs. (4.44) and (4.45), nonequilibri-
um singlet distribution functions F; (q;,v;,#) for inhomogen- ’
eous fluid mixtures should be expected to be functions of
“smoothed” equilibrium local number densities 7; (q;). As a
result, local transport coefficients of strongly inhomogen-
eous fluids near to equilibrium can be expressed as functions
of 71;(q;). Thus, we have provided a rigorous foundation for
the heuristic idea proposed by Davis ez al.'® for simple fluids
confined in narrow capillary pores, namely, that local trans-
port coefficients of inhomogeneous fluids in narrow capil-
lary pores can be set equal to the transport coefficients of
homogeneous fluids at the “smoothed” local densities. We
have also extended this idea to the whole class of strongly
inhomogeneous fluid mixtures.

In a future paper we shall consider a velocity moment
method to derive from Egs. (4.37), (4.41) and (4.44),
(4.45) hydrodynamic equations and explicit expressions for
the transport coefficients of strongly inhomogeneous fluids
near to equilibrium.
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APPENDIX A: CALCULATION OF THE STATIC
CORRELATION MATRIX

Noticing that

NN,
(326(q—a1)6(q’ — P8V —vHS(V —vP))
L= 5{75(X —_ x,)n,‘(q)q)i(v)

+ 1 (@) (¢) 2, ()2, (v)g; (4,4,

one can obtain the expression (4.24) of the text from Egs.
(4.12) and (4.23).

APPENDIX B: SOME PROPERTIES OF THE MATRIX y
AND FUNCTIONS C;(q.9)

By definition Eq. (4.23) in classical statistic mechanics
one can derive

i (Xx") = x; (x',x) (BD)
80 y;(x,x') are symmetric functions of the simultaneous
permutation of index sets (4x) and (f;x'). The same proper-
ty applies to the pair correlation functions (4.26), then from
Eqgs. (4.22) and (B1) it follows that

‘.,l’j;c-I(xj:xk),=Xk;.I,(xk,xj)’ N
so that from Eqgs. (4.27) and (B2) one can derive
Cy(aq) = 8;8(x — x"){[n,(a)®; ()] !
— [P (»)] 7'} + C,(d9).

Thus, from Eq. (B3) it follows that C,, (4.9)=C;

(B2)

(B3)
(d'.q).

APPENDIX C: CALCULATION OF /ﬂ}’(x,x )

We first calculate the average
i

({IL.°4; () 34, (x"))

<{ £~‘~—a—5(q q)6(v—V?)}

m; dqf

/\[ > 8(a" —a))s(v —vE) —m, (q")@k(v”)])
=1 .

=I +1, (C1)

where

11=<{ —b—ﬁ(q q“)c?(V—v")}

X 25(q” — 8" —-v‘,i))
RS
p' d
= 6ikqul dV‘{— —5(q ——q‘)]é‘(V— v')
m; aql :

X8(q! — q")8(v — v)n, () D, (v")

1 ,

+qu‘ dV‘{Liﬂq—q‘)}S(V—V‘)ni(q)
m, dq

X7, (0P, (") (0" (€2)

and

<27n** a_;‘s(q @)8(v — V“)>nk (@), (v")
i

= —qu av' [ —6(q q )}6(v—v)
xn; (g")®, (v )nk(q”)@k(v"). - (C3)

Then from Egs. (4.21) and (4.27) at # = 0 one can obtain '

iﬂg(x,x’)-— ,qu—~{—a——5(q q)}a(q —q)8(v—v') — qu——{é—@(q q)}

xni(q )P, (v)C, (q‘,q') +qu‘ P {a—~5(q q )}n (a9, (v)g, (g ,q) :

| -~:Z, dq" dg'2- .—6(q—q‘) n:(a")®, (0)n (¢ )g,k(q‘ q")Cy(a",q)
- m aql, , .

i

aq'

= qu‘%—{iéfq - q‘)}nz(q’)q'),v(v) +3 qu" dq‘~p—{—§—15(q —'q‘)]n,-(q‘) ,
: i k s I

XD, (v)nk(q"m(v")

The expression (4.30) follows from Eq. (C4) after using the §-function derlvatlve property '

m; \dq
" (C4)

f AL (r—a)}= f dr{fi (1) ()} (7 —,a)

— AT )=

together with the symmetry propertles (Appendlx B) of the functions g,, (a.94"),C,

APPENDIX D: CALCULATION OF l.()(,(x,x)

—-h@fi@, (C5)
5-(4,q") and the OZ equation (4.29).

—fi(@)f, (@)

Corresponding to Eqs (4.7), (4.17), and (4.21) one can write

o0 (xx") = ({iL’, 4, (O EED) @),
where

(D1)
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iILT A4,(x) = “%‘ZZ (I;}”' + SIF+ I '}A,.(x)
3 ©
24

:ZZ(I“ﬂ[ﬁ(q q,)6(v—v"‘)—n(q)<l> (v)]+—zzl P18(q—qf)

a»f ikf v

XE(vV—¥7) — (@D, (v)] + —21—}321;;"[6(q =48V —vf) — ny ()¢, () ])’ - (D2)
where the Latin subscripts and Greek superscripts corre::ond to species and particle labelé, respectxveiy Since the second and
third terms in Eq. (D2) give the same contributions, Eq. (D2) can be written in the form - L
05 (') = 2,3,‘;” (6% (3x) - (D3
o= : :
with
LP(xx') = uzf dq' av' dq® av{I [?8(v — v))}8(v — v)8(q —q')

X8(a' — )m; (g (@)D ()P, (g, (a0, ' - (D4)
LP(xx) —Z ,qu av'dq’ dvz{l 6(v—v )36V — 2)cS(q q)- o
XB(d — @), @)y @B (B, Dgy (o) e o (Ds)
LR (xx") = zqu‘ dv' dq® dv? de® dvi{I ?8(v —= v)}8(v —v°)
i .
X8(q—a")8(q — &)n; (") (@) () D, ()P, ()P, (%) g (a',0%a), | (D6)
L xx') = ——Zn,(q )P, (v )qu dv' d¢* de{I”(S(v-v )}

X6(q — a")n,(a")m (@)D, (1) D, (1)g; (a',0%). ' ' | (D7)

We can now compute the products .2 [y, "using the formula (4.27) for y ;- ! and the formula (C14) of Ref. 25 which in our
case takes the form v

fdv‘dvz{l 25y — v1)}0, (v)) ®, (%) =L%¢> OF \P,,(q‘,qz), o S (D8)
m‘
with
\Ilil(ql’qz) = ¢S(q1’q2) _B - l®(|q1 - qzl_’ ail)s . s ) . (D9)

where the notations ¥, (q',q) and @5 (q',q*) stress the fact that we have not used so far any properties of the soft interaction
potentials except their pairwise nature. - » '

Further on, using the formula (ID8) one can compute the product 3 P X"y (Fx). The third of these products
can be written in the form

LR XXy (XX = Zl,_ GCPa‘(rv) n;(q)
X% dq”dqz%é%ﬂn (9°)8(2,9°9") [645(q"~ q') — n,(q")Cy(q",¢)], (D10)
where the expression (ID8) has also been used. The last of the products, Eq. (D7), can be transformed to the form
LPxEyE (Zx) = Z L acpav(u) v(q)quz éli‘j'b(—qqﬂnj(qz)gy(q,tf) |
ZZV-I— ad;iv) (Q)JdQ" dq n(q")n;(q" )——-'j—(—:ig,j(q, ) Cr(a",q"). (D11)

The expression (D10) can be transformed using the second equilibrium BBGKY relationship for inhomogeneous
fluids.*® We consider two cases of external field potentials discussed at the beginning of Sec. IV. Thus, in case 1 for the external
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potential vF(g7) of a general kind the corresponding BBGKY relationship takes the form

¥, (a,9%)
> f dq’ La;m—ni (@n(a®)g;(e.9",9%)
i

gy (a.q") _ dn;(q) , ¥, (aq") vE(q)

= —ﬁ“ni(q)—T——B 'g4(a,9") 7 —n,(q)ga(q,q”)——aq———mn (a)g:(a,q") (D12)

The notation v#(q) emphasizes the fact that we have not used any special properties of vZ. In case 2 of the extemal potential
i, (g5, the result from the second BBGKY relationship can be written as

7(0.a%) "
Ej:quz —’b;——nf (@)n;(a*)gy(a,9",9%)

a , \ ” a
I 8 (4,9") — B g, (aa") n;(q)
dq - 3(1
1 > ” aV 3
— n(@)ga (0" )—-’;&)— f d 3—%q—)n,(q)n (€810 (00",0°), (DI13)
where
Vi (ae) =v5,(q¢") — B ~'O(jg— ¢’| —

[with notations V' £ (q,q; ) we indicate that we do not need any other properties of the soft external potentials except their
pairwise nature], n,,(q’) is the surface number density of the wall particles and 8w (9,9",9°) represents the three-particle
correlation functlon specific to /,/—fluid particle and w-wall particle correlations.

Thus, the expression (D1) calculated for a general potential vZ(q) takes the form

iy (xx') = qud‘l dq? dv' dv{I }6(v — v")}6(v' —v)8(q —¢")6(q' — q')
iV, (q.q° y
Xn (q)®,(v)gy (a',q°) +B¢>i(v)ni(q)vz quz—"g(—gq—) n,(q*)84(a,9%)

XC;(q.q") +qu dq* dv' avi{I }6(v —v)}5(v* — v')8(q — ¢")5(q* — q' ), (") D, (v")

C,(aq 3%, (q,q OVE
ng,(q‘,qZ)+¢i(u>v[_%ﬂlni(q>+ﬁn,.<q>g,,(q,q'>—’35:—ql+ﬁ 7, ()8 (0q) (“)

(q)

dn, (q)
+ ad

[1 + Cy(aq) — Zqu"nz(q”)cu(q",q’)] —ﬂn,-(q) qu” 24(0,9")
[]

Xn,(q")Cy(q",q") +Bni(q)§l:fd 2——”—(:lq—’ﬂ—)n,(q’)g.-x(q,qz)

3 P (q,qz) ] (D14)

dq
For the pair-additive external potential vZ, (q',q*) an analogous expression can be found,

dC;(a,q")
dq

—pBn, (q)}_;, qu” dq® n,(q")n, ()84 (4,94 Cy(q",q")

05 (x,x") = i (%) | (D4, + ‘Di(U)V[ n:(q)

0¥, (a,q") v (a,q) - "
+Bn;(q)g; (g,q )—-—’é:—q- +fn;(q) f dq3——7:—q—~—nw (€*)8iy (a,0°,")

1+ Cy(q,q') — Zqu” n,(q")Cg(q”,q’)] -ﬁni(q)gqu” n,(q")

on;(q)
q

(q, ¥, (a,9%)

XCg(q",Q')fd 3
dq

1y (01 800t (4,074 + Br; (@) ZJ dq’
2 aql: (q’ 2) " '
xXn,(¢*)g4(a.q*) — Br, (q)gqu“ 1, (@) ga (q,qz)—"—aq—qudq n,(q")Cy(q",q) {, (D15)
where i.Q{j (x,x") | (p1az3, denotes the sum of the first three terms in (D14).
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As is obvious from the above, the expressions derived  we oObtain
for i(),g (x,x") are also valid for general fluid—fluid and fluid-
wall pairwise interaction potentials, after replacing V' £ and iL®= 2 Z I

¥, by the corresponding continuous potentials. Fa=1
so that

APPENDIX E: CALCULATION OF /2]

iLF4;(x) = ZZ IF{8(q—q")8(v —v)H}
1. /02§ for the potential of a general kind

Denoting by Then for
IEa_ =—=——‘VE(q )._a_ Py(x,x") = <{IL EAi(x)}A}l‘(x”)>
dar apf one can obtain

Py(xx") =( 3 AT 58(a — ¢)8(v — V) }8(a” — qDS(v" — v}

ay

- <}:{I,-E°‘5(q——q?")é(v—V?)}>n,(q”)$1>,(v"). (ED)
Then from Eqs. (4.21), (4.27), and (E1) after simple calculations one can derive

05 (xx") = 6,!.J- dq' av' {I7'6(v —v")}6(q— q")6(q' —a )6V — V') + B ()P, (v)v

[ovit A CY) avE(q)
< Ll Cyad) - L Egyaa) + L L5 [ dat 10 (4.6)Cy ()
ME( wE
+ (;qu) (q) qu n,(q’)C,,(qz,q)}, (E2)
i
where we have also made use of the expression (D9). and

. I'Q,E x,x') = Pi x,x" ;! x",x').
2. /25 for pairwise fluid particle-wall particle ’,( ) = FaGexTxy ¢ ).
interactions Then using Eq. (4.27) and the expression

In this case [see Egs. (4.10) and (4.11)] we have

d 1 I_Elws ol q) 1
ILE 4,(x) = 3 ST E{8(v — v2)5(q — aF) Javtrz s — e o)

1 d9,(v) IVE(qq,)
—ni(Q)q)i(v)}a =7n— v q (E3)

so that
Py(x,x")=({iL % A4;(x)}4,(x"))  we can derive

QE(xx') = 5,-,f av' dq' dg¥{IF"“6(v —v")}6(qa — ¢")8(v' —v')é(q' — ¢')n, (dV)g: (a'.a%)

v (aq ‘ VE (q,
+/3"1>z(v>n,-(q>vU dq’——-;qig—)nw(qz)giw(q,q% s (0.4 —fd 2____(: LI
2 v 3Vfu( 8 2)
an (qﬁ)giwj (q’qz,q ) + ZJ. dq3 dql a: q n, (qz)nl (qs)giwl (q9q2,q3)cjj (q3,q,)
{

WE IV i (eq
+fd (qq 2 1 ()8 (0,6) —quz—fq—)nw(qz)g.-w(q,qz)ZfdQ” nz(q”)Czj(q”,q'>] - (E4)
{
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We have introduced above the two- and three-particle
correlation functions g,,(q',¢>) and g,,(q.€’q*) [or
&40 (4,9%,6%) ], respectively, specific to correlations between
fluid particles i/ and a wall particle w, and defined by38

N; N, )
n;(q")n, (¢*)8, (d',4*) = <ZE5(‘1 —Qf‘)c?(q —-qw)>

n:(@)n, (a)n;(4®) 8y (4,4%4°)
NN,

PIPLICE

a®xfB w
When calculating iQ}; and iQ; for case 2 (external field po-
tential v, ), we have taken 1nto consideration the wall parti-
cles. Thus, the average { ) in this case includes averaging
over the wall particles.

)8 —q,)8(a — ) .
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