Transport theory of dense, strongly inhomogeneous fluids
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The generalized Enskog-like kinetic equation (GEKE) derived recently for inhomogeneous
fluids [L. A. Pozhar and K. E. Gubbins, J. Chem. Phys. 94, 1367 (1991)] has been solved using
the thirteen-moments approximation method to obtain linearized Navier—Stokes equations and
the associated zero-frequency transport coefficients. Simplified transport coefficient expressions
have been obtained for several special cases (simplified geometries, homogeneous fluid). For
these cases it is shown that the main contributions to the transport coefficients can be related to
those for dense homogeneous fluids calculated at “smoothed” number densities and pair
correlation functions. The smoothing procedure has been derived rigorously and shown to be an
intrinsic feature of the GEKE approach. These results have been established for an arbitrary
dense inhomogeneous fluid with intermolecular interactions represented by a sum of hard-core
repulsive and soft attractive potentials in an arbitrary external potential field and/or near

structured solid surfaces of arbitrary geometries.

1. INTRODUCTION

In recent years it has become clear that the properties
of fluids at interfaces and in micropores (pore widths less
than 20 A) differ markedly from those of bulk fluids. Such
strongly inhomogeneous, dense fluids play a crucial role in
a number of natural and industrial processes, including
adsorption and transport in adsorbents and clays, disper-
sion of environmental pollutants, metabolism of living
cells, etc. For equilibrium properties of strongly inhomo-
geneous fluids, considerable progress has been made over
the last few years. Classical equations such as that due to
Kelvin are now known to fail badly for highly inhomoge-
neous fluids (e.g., for confined fluids in pores with widths
below 80 A); however, statistical mechanical approaches
such as density functional theory and some forms of inte-
gral equation theory can describe a wide range of equilib-
rium phenomena (phase transitions, adsorption, isosteric
heat, solvation forces, etc.). Much less attention has been
paid to transport properties of such highly inhomogeneous
systems. However, from our experience with equilibrium
properties we can anticipate that approaches based on con-
tinuum mechanics or on bulk-phase kinetic equations plus
boundary conditions are likely to break down when the
scales of spatial inhomogeneity and intermolecular spacing
are comparable.

The most successful approach to transport properties
of inhomogeneous fluids so far was proposed by Davis,!?
and is based on an intuitively reasonable extension of the
revised Enskog theory.’™ Although Davis’ theory ad-
vanced our understanding of the transport behavior of in-
homogeneous fluids, explicit expressions for the transport
coefficients were found only for the cases of a local equi-
librium velocity distribution for weakly inhomogeneous
fluids, with inhomogeneity in one direction. These results
included an additional ad hoc assumption, according to
which the nonequilibrium inhomogeneous fluid pair corre-

lation function contact values were equated to those of the
corresponding homogeneous equilibrium fluid calculated at
the Fischer—Methfessel® smoothed density for the equilib-
rium inhomogeneous fluid.

In our previous work’ we developed a rigorous micro-
scopic theory describing nonequilibrium behavior of dense,
strongly inhomogeneous fluid mixtures. Introducing the
generalized Mori projection operator method’ we have de-
rived a functional perturbation theory (FPT) to describe
the evolution of the many-body dynamic system, and have
shown rigorously that generalized Langevin equations
(GLE’s) should be regarded as the first order form of
FPT. Subsequently, we used the GLE’s to obtain
Enskog-like close-to-equilibrium linearized kinetic equa-
tions for the singlet distribution functions of dense inho-
mogeneous fluid mixtures. These equations proved to be a
generalization of a linearized form of those® derived for
mixtures of hard spheres to a case of inhomogeneous fluid
mixtures in which the intermolecular interaction potentials
could be represented as a sum of hard-core repulsive and
soft attractive contributions. The number densities and
structure factors (pair and direct correlation functions)
occurring in these equations were those specific to the cor-
responding equilibrium inhomogeneous fluid mixtures;
quite accurate theories now exist for these equilibrium cor-
relation functions.?

In this paper we solve the kinetic equations derived
previously’ to obtain linearized Navier-Stokes equations
and the associated transport coefficients. In carrying out
this procedure we have defined the continuum variables
(number density, macroscopic velocity, etc.) as corre-
sponding velocity moments of the nonequilibrium singlet
distribution function,”!® and have used the 13-moments
approximation method, as modernized by Sung and
Dahler.!! The expressions for the transport coefficients are
obtained without any additional ad hoc assumptions, and
provide a rigorous generalization of Davis’ smoothed den-
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sity postulate. The theory does not involve any restrictions
on the equilibrium inhomogeneous fluid densities or their
spatial gradients.

We focus our main attention on the shear and bulk
viscosities and the thermal conductivity. These transport
coefficients have a tensorial nature; thus, shear viscosity is
a fourth rank, while bulk viscosity and thermal conductiv-
ity are second rank tensors. The scalar quantities can be
recovered by convoluting the tensorial ones with the cor-
responding contributions to flux tensors composed of the
second partial derivatives of macroscopic velocity and tem-
perature. The final expressions for the transport coefficients
can be regarded as providing a rigorous density smoothing
procedure that relates the various terms in the coefficients
for the inhomogeneous fluid to corresponding quantities
for a homogeneous fluid. The rigorous smoothing proce-
dure derived here gives different prescriptions for the var-
ious transport coefficients, and does not relate them simply
to the corresponding coefficients for the homogeneous
fluid, but rather to various spatial integrals over the equi-
librium inhomogeneous fluid number density and pair cor-
relation function.

A particular interest of ours is the transport behavior
of inhomogeneous fluids near solid walls and in narrow
pores, and the theory explicitly includes the effects of such
structured walls. Thus, we expect the theory to be able to
account for the presence of a neighboring wall, or of con-
finement in a pore; such effects are known to be large.!>1
In what follows we first consider the general case of arbi-
trary geometry and degree of inhomogeneity. We then con-
sider several special cases. In the homogeneous fluid limit
[n(q) =const, where n(q) is the number density at q, and
walls are absent] the general expressions for the transport
coefficients reduce to those of Sung and Dahler.!! The sec-
ond, and more interesting, special case is that of inhomo-
geneous fluids confined by solid surfaces of some simple
geometry. Examples are fluids confined to a narrow slit,
cylindrical or spherical capillary pore, in the absence of
any spatially directed external potential field other than
that due to the fluid-wall potential. We consider in detail
the case of a fluid confined to a slit with structured, parallel
walls. For such cases it is possible to derive scalar transport
coefficients explicitly; the various contributions to these
coefficients can be related to the corresponding terms in the
coefficients for the homogeneous fluid, through the
smoothing procedure derived. Finally, the special case of
Davis’ theory results! can be recovered by neglecting terms
of order [bn(q)]? where b=2w0>/3 (o is a hard-core di-
ameter), and introducing his approximate smoothing pro-
cedure.

Il. THE THIRTEEN-MOMENTS APPROXIMATION
EQUATIONS

We consider an inhomogeneous fluid of nonreactive,
structureless molecules in which the intermolecular inter-
actions are assumed to be pairwise additive, central and
decomposable into the sum

?1(qi;) =en(q;;) +@s(g;;), (2.1)

where @y(g;;) is a hard-core repulsive contribution,

+°°7

( ) qij<0',
P qij - O, qij>0’

and @g(g;;) represents an attractive soft interaction which
is assumed to be continuous, and q;;=¢;4;;=9;—4q;,
where q;, q; denote coordinate vectors assigned to centers
of masses of interacting molecules i and j (of the same
species), respectively. The inhomogeneity of the fiuid is
caused, in general, by both an external field of a continuous
potential and fluid-wall molecule intermolecular interac-
tions of the same kind as Eq. (2.1),

¢1w(qlw) =¢}’}D(qlw)+¢’.19w(qlw) (22)

with the hard-core contribution,

+ o,

QIw<Ulw
<P11!}”(¢11w) = 0

’
] 41w>01w

and a continuous attractive part @i°(q,,). Here qj,
=q1,d1,=q—4qy, and q;, q,, are coordinate vectors of
centers of masses of a fluid molecule and a wall molecule,
respectively. The walls are considered impenetratable for
fluid molecules and thermostated at temperature T, and
wall molecules are unmovable from their average positions
q,, (molecules of an infinitely large mass), and belong to
the same species. Since the model assumes fixed wall at-
oms, there will be a net momentum production between
the fluid and the wall, but no kinetic energy production.
This neglect of kinetic energy flow between the fluid and
wall should not affect the transport coefficient expressions,
except very close to the wall. These are the primary goal of
our work here. We also assume that there is no chemical
reaction between any of the molecules in the system.

Neglecting delayed response of the system, and in close
vicinity of the equilibrium state of the system, one can use
kinetic equation (4.36) of Ref. 7 to describe the kinetic
stage of the system evolution. [We note here that the
multiplier 7,,(q)g1,(a,9") is to be inserted into the kernel
of the last integral in the right hand side of Eq. (4.36) of
Ref. 7. Also, the last terms in the left hand sides of Eqgs.
(4.41), (4.45) of Ref. 7 should be omitted.] This equa-
tion can be easily transformed to the form

a3 a SF
(at+v aq) (q,v;2)

= qu' av'T(q,v;q',v')OF (q',v';t), (2.3)
where ¢ is time variable, q, v and ¢’, v’ are coordinate
vectors and velocities of fluid molecules, 6F (q,v;¢) denotes
the deviation of the nonequilibrium inhomogeneous fluid
singlet distribution function F{q,v;?) from its equilibrium
form, and the dot - denotes the inner product. The quan-
tity I'(q,v;q’,v’) is
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I'(q,%q",v')=0* f dvydv, f do®(v;) (v2,+6)0(vy ) [n(q+06)g(q,q+00)8(V—vF) —n(q—o0d)g(q,q— 0d)

X8(v—v,)18(q—q")8(v' —v;) +0° f dv,dv, J- do®(v)(v3,°6)0(vy+ ) [n(q"—00)g(q’ —06,q")

X8(q—q'+06)8(v—v}) —n(q’ +06)g(q’' +06,4’)8(q—q’' — 06" )5(v—v) 16(Vv' —v,)

+ob, [ an [ do(—v1-810(—010) [nua+ 01081008+ 018 —¥) ~ufa—01,)

X 81w(Aq—01,0)8(v—v) 16(v' —v})8(q—q') +n(q) P (v)v

an(q)
+

34 —gla,q

. dC(q,9’)
( dq

" afH(q,q’)>

In expression (2.4), ®(v) = (Bm/21)>? exp(—Bmv*/2) is
the Maxwell-Boltzmann velocity distribution function,
where B=1/kgT, and kg, T, and m denote the Boltzmann
constant, temperature, and mass of a fluid molecule, re-
spectively; v,,v,,v’,v are molecular velocities, q,q’,q” are
coordinate vectors of molecules, &=axi+0)j+azk is the
unit vector of direction cosines (i,j,k are the unit vectors of
corresponding directions), |6]=1; §(q—q’), 6(v'—v;),
8(q—q' +00), 8(v—vy), 6(q—q' —0éF), (v —v,), etc,
are Dirac 8§ functions, v¥ is the post-collisional velocity
corresponding to the precollisional velocities v; and v,,
v = vi — (@)@, va=v,—V;, and 6(vy-8),
6(—v,* &) are the step functions. Quantities n(q), g(q.q
+06), C(q,q") are the equilibrium inhomogeneous fluid
number density, pair correlation function contact value
and the direct correlation function, respectively. Similarly,
n,(q), g,(q,a—0,0) are the equilibrium wall molecule
number density and the pair correlation function contact
value specific to fluid-wall molecule interactions. Finally,
F(aq')=exp[—Bey(a,q’)]—1=60(|q—q'| —0)—1 s
the Mayer function specific to the fluid—fluid molecule
hard-core interaction and the dots - mean inner products
of tensors 4 and B, 2,4, B, ;. Integration [dé ev-
erywhere in this work means an integration over the sur-
face of the sphere of radius |6 =1.

We note that the third term in the right-hand side of
Eq. (2.4) explicitly contains the effects of any walls present
in the system. All other terms in the right-hand side of Eq.
(2.4) include the effects implicitly, through n(q’ +=0é),
g(q'+00,q'), C(q,q’), and f(q,q").

The next logical step is to replace the kinetic equation
(2.3) for 8F (q,v;t) with an equivalent set of equations for
its velocity moments. For this purpose we will use the
generalized Hermite polynomials'’ defined as

3 °V¢(v)(1+C(q,Q')—fdQ"n(q")C(q",q'))-

(2.4)

J 4
¢1<V>=‘I’z(€>=¢“(§>(11!12!13!>“”(‘*) |
3

I\ I\b
<(~ag) (~a5) »®
where £= (mf3)!/%v denotes the dimensionless velocity and
(&) = (2m) " Vexp(—£/2), E=Ei+&i+Ek  and
11,12,13=0,1,2,... .

These polynomials form a basis vector set satisfying
the orthogonality and completeness conditions,

(2.5)

[ @ @wiereer=su,
(2.6)

2 BEVHW(E) =6(5—5").

The polynomials from Eq. (2.5), can be considered as
the £ representatives of some abstract bra (/| and ket |/)
vectors,

¥/(5)=(1|§)={LL| ), (2.7)

D(EIYE) =& =(&| L L13), (2.8)
and the conditions (2.6) take the form (/|k)=6, and
D =1

Then Eq. (2.3) can be “spanned” by the vectors of (/|
basis set above,

9 3
= (118F) + <1 ve aq6F> - qu'g (| Ty (i| 6F),

(2.9)

where “projections” (/|6F) of 6F(q,v;t) on this basis set
are velocity moments of 8F (q,v;?),
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{(m|6F) = fdvrﬁm(V)éF(q,V;t), (2.10)

(1

AITID = [ dvdv oML awa v 1),
(2.12)

The (/| basis set consists of infinitely many vectors gener-
ating infinitely many moments of the singlet distribution
function. Since we cannot solve the entire set of equations
(2.9) for the singlet distribution function velocity mo-
ments, we should restrict ourselves to some reasonable
number of the moments which could provide a macroscop-
ically complete description of the hydrodynamic and ther-
mal processes involved. The simplest approximation of this
kind would be the 13-moments representation, for which
the basis set of (/| vectors is limited to elements {(i|v};

i€G},

and

d a
E” 8F> = de!liz(V)v- 34 8F(q,v;t), (2.11)

Ve

(Alvy=y,(v)=1, (2.13)
(i) v)=(mB) ", (v) = (mB) %, (2.14)
. 2 172
<TIV>E(§) Br(v)
2 172 2 3
5(3) (B';” —5), v=|v|? (2.15)
(BO)v) =228y p(v) =2- V2 Bm(vww—LT),  (2.16)
(QIv)=D)20mB) hg(v)
2 1/2 2
E(g) (mB)W(B—';—U——;)v, (2.17)

labeled with the continuum variables corresponding to
their ensemble averages, 6n(q,t), u(q,z), 6T (q,t), P°(q,t),
and Q(gq,t) standing for particle density, velocity, and tem-
perature deviations from their equilibrium values, and for
“kinetic” contributions to the pressure tensor and energy
flux, respectively, and I means the unit matrix. We define
the continuum (macroscopic) variables above as corre-
sponding velocity moments of the distribution function
&F (9(_15;1), similar to those defined for homogeneous flu-
ids,

sr(an) = [ avb,(mF(awn=m15p(an, (2.18)

plQ)u(q,t)=m fdeu(v)6F(q,V;t), (2.19)
In@kST(@0= [ dvireF@wn,  (2.20)
P(q,0)= del/’P(V)SF(q,V;t), (2.21)

8973

Q(g,1)= fdeg(V)SF (q,v;2). (2.22)

In the definition, Eq. (2.19), p(q) =mn(q) corresponds to
equilibrium mass density. According to Eq. (2.8) the ad-
joint basis set {{v|7/), i€G} can be formed of the right-
hand sides of Egs. (2.13)—(2.17) multiplied by ®(v).

In the 13-moments approximation the deviation
8F(q,v;t) of the nonequilibrium inhomogeneous fluid sin-
glet distribution function from its equilibrium form is

8F (qyv;t) = ZG (v|iy{i|6F)

=®(v) [¥,(v)n(q,t) +¢Pu(v) Bp(@)u(q,)
+ 7 (v)Bk pn (1) 8T (g,1)
+1p(v) 3 BP(q,8) +o(v) 3 mB*Q(g,1) 1.
(2.23)

The associated moment equations can be recovered from
Eq. (2.9) after calculations of integrals Egs. (2.10)-
(2.12), in which Eq. (2.23) should be used to approximate
8F (q,v;t). These integrodifferential equations are given in
Appendix A.

To be solved Egs. (A1)-(AS) should be simplified,
namely, the continuum variables there should be expanded
in a Taylor series,

E
A(q—0ob,1) =A(qt) —0b+ - A(g,1)
q
1, . dAq1)
+5020. —EW

We note that the continuum variables 4(q,?), which
are defined in Eqs. (2.18)-(2.22), are the differences be-
tween the dynamic variables in the nonequilibrium inho-
mogeneous system and the corresponding equilibrium in-
homogeneous one. For example, the variables A4(q,?)
considered do not include the number density n(q,¢) or the
temperature 7°(q,#), nor the differences in these quantities
between the real system and a homogeneous one; instead,
they include the differences 8n(q,?) and 67(q,t) in these
quantities between the nonequilibrium and equilibrium sys-
tems, both of which are inhomogeneous. We do not expect
the differences due to nonequilibrium to be large even near
walls, because the departure from equilibrium is assumed
to be small. This assumption is supported by molecular
simulation results (see, for example, Ref. 14). Since our
main objective is to obtain expressions for the linear trans-
port coefficients for inhomogeneous systems, it is only nec-
essary to consider small departures.

Moreover, the direct correlation function in Eq. (A2)
can be expressed in terms of the pressure tensor P(q) spe-
cific to an equilibrium inhomogeneous fluid by using the
corresponding compressibility equation,'®
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6(q—q")
n(q)

B ép(a)
Tr !
n(q) 6n(q')+3 P(q,q )
(2.24)
where 8p(q)/6n(q’) is the functional derivative of the
equilibrium pressure p(q) =3 Tr P(q) with respect to the
equilibrium number density n(q’) taken at S=const, and

Clq,q") =

L. A. Pozhar and K. E. Gubbins: Transport theory of inhomogeneous fluids

Tr p(q,q’) denotes the trace of the tensor p(q,q’). Thus,
inserting the expression (2.24) for C(q,q’) into Eq. (A2),
and taking time Fourier transforms of Eqs. (A1)-(AS5),
one can find expressions, correct to the second order in

spatial gradients of the continuum variables (2.18)-
(2.22),

) du(qw) o
— i0bn(q0) +3; - [n(@u(ga)]=—cn(a) [ don(a—ob)glaa—od) (66— D: =5+ 7 n(a)
. R i 1o Ou(qo)
x [ donta—o1z(aa—09 @005 : o2 1 A ()
X Jr d&”w(q_dluﬁ)glw(q’q_ﬁluﬁ)L'ﬁ(q’w)’ (2 25)
op(q) ép(q”)
—la)p(q)u(q,t)+ [(fd 'ap(q,)an(q ©0)— n(q)qu’dq” p(q Sn(q' o) — n(q)qu Tr p(a,a')5n(q",0)

1
+§ n(q) f dq’'dq"n(q")Tr p(q”,q")8n(q’,@))1+kzn(q)86T (q,0)I+P°(qw)]

3 Sr(q— o s arss Fu(@e) 728 o )
=Wb nn(q) fd"”(q_a"')g(q,Q——UO')(Wf—s I)oo: W—-w;nn(q) fdan(q—aa-)g(q,q—ao-)
An 274 du(q,0)
X (66—351)0: EA —(48\/2/517)( )bann(q)fda'nw(q 015081009 —01,6) (56 —2 1) »u(qw)
! 8T (q,0) 3ka
Lad N . Aann q,
+ n(q)fdm(q—ao)g(q,q—aa)aam — (q)fdo-n(q 06)g(q,q
4 dqdq
.. 08T (qw)
—ao-)o-o--—aq———~
T | deztaa—ciassss IR0 3b o [ dbglaaos)sess: 3P°(q,0)

0.2
+7[fd&n(q)g(q,q—ao)&&&+( )fdtmw(q 01.6)81,(44— 01,6666 | :P°(q,0)

18 . i 20 ... 0Q(qe) 36 B
+Ejﬁb nn(q)fdog(q,q—mr)(mrﬂl)mréw—ﬁz b"fln(q)fdag(q,q oa)
d , 24 )2
X (65 —31)é: Q;:w) ana[fa’a[n(q)—n(q 06) 1g(a,q—0&) (56—2 1)—M(”‘)

X fdéww(q—alw&)glw(q,q—olw&)(6&—%I)] ‘Q(q,w), (2.26)
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d a
—iw 3 kpn(q)8T(q0) +~— Q(qw) +kBT = +[n(q)u{qw)]

3bo A ) ... du(qw) 3b au(q,w)
. kgTn(q) fdon(q—aa)g(q,q—aa)awz “oqdq 4 kBTn(q) fdan(q 06)g(q,9—06)60 3

24
+04,kTn(q) fd&nw(q—Ulw&)gm(q,q—olw&)fr-u(q,w) +55.7 b*An(q) fdt‘m(q—afr)g(q,q—afr)

%87 (q, 32b0% 38T (q,) . .

xoi: 20 T snta) [ doma—ovrgtaa—onri T2 (042 B Inta) [ dogtaa—ob)
3*P%(q, IP%(q,

X 5656 :—73(—12]—@)— (63 JmBm)n(q) fdég(q,q—a&)&&&;%‘)—z+(02/ JaBm) J.db'[n(q)—n(q—a&)]

9ba #Q(qw) 9 3Q(q,0)
X8(00—08)0% P(q0) — o () [ dogaq—00)o00i 5 20— n(a) [ doglaa—o8)6t: g

o 1 A . 10 {0y,
+E{fdir[n(q)+§n(q—ao-)]g(q,¢1—a¢r)0'+3( ) fdanw(q 01,0)81( 80— o'lwa')g-] Q(q,0),

(2.27)

48
_iBwPO((Lw) +2Sun(q’w) +? SQ(‘LC‘))

ot ,\A,\.a u(q,w)

=2 n(0) fd&n(q—a&)g(q,q—a&x&&— Doosi 5o —on(a) fd&n(q—a&)g<q,q—o&)(&&—%I)&a~.

e, B\ ) .
X TR0 123 @ [ domuta-o1hIglaa-010) 60— Do-u(ae) +ha{ ) o*n@) | dom(a—od)

5T (q,0) B \2 38T (q,0)
A A A 1 A A 3 . A - . A}\_l .
Xg(q,q—aa)(aa—sl)trm_aqaq B(—*—m) fn(q)fdtrn(q 00)g(q,q—06) (66—31)0 ~oq

172 8°P%(q, 172
+(;T%) o*n(q) [ dog(aa—00) (65— Dovos: .% z(ﬁ%) o*n(a) [ dogtaa—o8)(60—4D)

aP(q, 2 o\
X&&&E——;“:—w)_*_Zaz(?—TB—) [fda[n(q)—4n(q 06)1g(q,q—06) (66—1 I)(J'a'--3\/§(01 )

0'4 . ZQ((LO))

AAA

X f don,(4—01,0)81,(64—01,6) (66 —3 I)&-&] P(g) +75 Bn(Q) f dég(4,9—08) (66—31)666 Jada

2 3Q(q0) 1 A
2 Bn(a) [ doglaa—00) (663 Dod: ) i olﬁ[ [ dst2n(0) ~n(a—09)1g(a—09) (65— Do

+4(01w) fdanw(q 0108140 — 01,5) (60 —3 I)O‘] Q(q,0), (2.28)
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5k

ks 0
—i0Q(a0)+5 g5 [n(@)8T(g0) ]+

o

1
Bm 3q

‘P’(q,0)

du(q,0)
= 0%/ (4B (@) [ dom(a—o0)g(aa-09)(55~3 05912 22 [0/ ) In(@) [ dom(a—ot)

du(q,w)
X8(00~09) (35—3 Din =5 =~ [VIgh/ (BB 1n(0) [ dbm,(a—01)810(00-01,) (55
~31) *u(q0)
4 36T (qw) 3k
+5 1@ [ dom(a—odIglaa—oi)oi aqf;; — ;;3 n(@) [ don(a—ot)s(aa—00)55

38T {(q,0) 3 o* 6‘2P°(q,w) 30 A AP%(q,0)

34 T8Bm n(q) f dog(q,q—06)66660: T e0q " 4Pm n(q) dog(q,q—cw)trwa:T

i o? A . s 10 27, A o an 2o
+Z/3_m fd0[3n(q)—2n(q—0¢r)]g(q,q—mr)tr¢r¢r:P (q,co)+E(a / JmBm)n(q) fdag(q,q—aa)(oa-s oo

#Q(qw) 27 3Q(qw) 27
X ede 30 @/ BmIn(a) | dog(aa~08) (65—105 24 2L (6 i)

2
X [ fd&[n(q) —n(q—06)1g(q,9—06) (66—3 1) — (52v2/27) (%)

8
Xfd&nw(q_“o'lw&)glw(q’q_o'lw&)(6'6'_% I)—ﬁ fd&n(q—o&)g(q,q-—a&)(&&-—[—l) *Q(qw). (2.29)

In convolutions denoted by -, :, i, and :: on the right-hand sides of Eqgs. (2.25)~(2.29) the right index of I in tensors I,
16, 166, etc., are to be convoluted with the left index of the corresponding continuum variables, and indices 0,06, etc.,
are to be convoluted with indices of d/dq, 8°/9qdq. In addition, quantities 7= (5/160%) (m/mB)'? and A=T75k 1Y
[640% (mBm)"?] correspond to viscosity and thermal conductivity of a dilute gas. All other notations adopted in Egs.
(2.25)-(2.29) correspond to those introduced in Appendix A. Notations én(q,0), u(q,®), 8T (qw), P°(q), and
Q(q,») denote time Fourier transforms of corresponding continuum variables.

lll. THE LINEARIZED NAVIER-STOKES EQUATIONS

To obtain the linearized Navier-Stokes equation one should solve Eqs. (2.28) and (2.29), and insert the resulting
expressions for Po(q,co) and Q(q,») into Eqgs. (2.26) and (2.27). For this purpose Egs. (2.28), (2.29) should be
simplified. First, there are coupling terms of two kinds in Egs. (2.28) and (2.29). The terms of the first kind are
proportional to spatial derivatives So(q,0), dQ(q,0)/dq, and (82/8q8q)Q(q,w) in Eq. (2.28) and (8/dq) - P°(q,w),
P°(q,0)/dq, and (3%/3¢9q)P°(q,®) in Eq. (2.29). If the temperature and velocity of the fluid do not vary appreciably
in a mean free path (~¢) [which is valid in the case considered here, because continuum variables Po(q,a)) and Q(q,w)
are averaged quantities specific to a close-to-equilibrium fluid] the third order terms with the second derivatives of
P%(q0), Q(qw), and terms with Sy(q.w), and (3/3q) P°(q0) in Egs. (2.28) and (2.29) should be neglected.*™°
Moreover, since |oy|, |0, and |o,|<1, the following conditions hold:

1
fdfrf(q—a&)o,'-'afz fdt‘r[f(q——cr&)—f(q+a&) loy ok J-dt‘rf(q—-ac‘r)o,-"'las m=13,..., i,jk=xz
" (3.1)

fd&f(q—a&)a%> fd&f(q—a&)o%0§> s> fd&f(q_a&)a%---a%, ij =%z, m=34,.. (3.2)

for any integrable, positively defined function f(q), and m signifies that there are m o-components o;,...,0;. Taking these

relations into account one can prove that all terms with second derivatives of continuum variables in Eqgs. (2.28) and
(2.29) can be neglected. Finally, the derivatives (a/aq)PO(q,a)) in Eq. (2.28) and (3/3q)Q(q,w) in Eq. (2.29), being
small themselves, come with multipliers which are proportional to the integrals of odd sets of ’s over &. Then the
correlation Eq. (3.1) and the simplest approximation

1
fd&f(q—ac‘r)&...&za_ fd&-f(q—a&-) fd&&"“é' (3.3)
for the multipliers corresponding to these terms suggest neglect of these terms.
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The coupling terms of the second kind are proportional to Q(q,») [in Eq. (2.28)] and P°(q,0) [Eq. (2.29)], and
cannot be neglected. To evaluate such terms the approximation, Eq. (3.3), has been used.

This consideration leads to Eqs. (2.28) and (2.29) taking the forms of Egs. (B1) and (B2) of Appendix B. Expressing
Q(q,w) in terms of Po(q,a)) from Eq. (B1), inserting the expression obtained into Eq. (B2), and using the approximation,
Eq. (3.3), for those terms on the right-hand side of Eq. (B2) which are proportional to Po(q,w) and (3/dq)u(q,w), one
can find the time Fourier transform Po(q,a)),

du(q, ~
P(g0)=—21;" (g0): (a(;w)+8m021wr:(q,w)n(q)Pu(q,w)-u(q,co)—81rnT;',‘(q,w)S,,v,,(q,w)

35T(q,co)

\}TerM*(q,w)n(q)Pvr(q,w) —mmBmAtE(q0) T} (q,0)Pr(q)8T (qw), (3.4)
where the following notations have been introduced,
7 (q0) = 4m¢*(q,w)n(q)( (2I4+15—310) + fdan(q 06)g(q,q—00) (66—3 I)mr) (3.5)

2
“(q)_fdtrn(q ao-)g(q,q oo) += fa’a'[n(q 06)—n(q)lg(q,q— UU)+V2(U;w)

X fd&nw(q—mw&)glw(q,q—om&), (3.6)

(@) = (5 JmBm/4d*)1,(q), (3.7)
-1 13\/7 Tw
T (@)= fdtm(q 05)g(q,9— cnr)+ de'[n(q)—n(q 06) Jg(qa—08) ——5— ( - )

x [ donu(a-0ud)g(aa-01), (39)

71(q) = (15 ymBm/80*)71(a), (3.10)

Q) =T1,(q)/[1—iwT;(q)], (3.11)

P,(qw)= fd&nw(q—alwﬁ)gnw(q,q—mw&)(frfr—-I)tr (3v2/16)7¥(q,0)Cp(q)

. fd&nw(q—alw&)glw(q,q—alw&)(c‘r&—%I), (3.12)

1 d a\T 2I J 313

Suv.(q,w)=§ (u(q,w) $)+(u(q,w) 5?1) -3 (u(q,w)-gl) n(q), (3.13)
~ 3b . . U 15 @

Pyr(qe) =5 fdtrn(q—aa)g(q,q—w)(w—aI)0+mCg(q)-/11 (q,0), (3.14)

AP (qw)= 4m1r*(q,w)n(q>(1+ fdo-n(q 06)g(e,q— oa)mr) (3.15)

(q) (3.16)

Co(q)=fd& [2n(q)—n(q—a&)]g(q,q—a&)+4(";‘”) RO YIRCT R [CO S SEA ERT)

The fourth rank Cartesian tensor I, above consists of three nonzero components (I,) =1, /=1i,j,k, and I;=II+13, where
II is the tensorial product of the unit matrices and I3 is the fourth rank Cartesian tensor composed of components
(I(g),,,,‘l,~,=51,,,<‘5‘,-V or 8;8,,y, L m,p,s=i, J,k. Inserting Eq. (3.4) for P°(q,») into Eq. (B1) and using the approximation, Eq.
(3.3), for those terms on the right-hand side of Eq. (B1) which are proportional to Q(q,®), one can find the time Fourier
transform Q(q,0),
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36T (q,0)

@) ~ m\' L du(q,0)
Qlqw)=—4; (q,w)'a—q—4erI(q,co)Qr(q,w)ST(q,w)—3([%) N7 (4,0)Qy, (q,):

dq

2T 172 157 172
—6(—) 07, 7(4,0)n(q)Qu(q.0) *u(q) — (—) N73(q,0) 773 (4,0)Cp(q) Syya(qw), (3.18)

Bm Bm
where
dn(q) 15
Qr(qw)= 34 30 T128 77y (q0) 73 (q,0)Cp(q) Pr(q), (3.19)
3b 5 @
Qy (q,w)=—n(q)fd¢rn(q 06)g(q,q—08) (66—-31)& O+1en 77Cp(q)n (q,0), (3.20)
Qu(qyw)= fd&nw(q_alw&)glw(q,q_aluﬁ')(&&_% I) _(SVQW/16)T:(‘LC’))CP(‘1)iju(q9w)) (321)
Cola)= [ do31n(@) ~n(a—08)1+n(a—00))g(0a—00)50%. (3.22)

Inserting the time Fourier transforms P°(q,0) and Q(q,w) given by Egs. {(3.4) and (3.18) into Egs. (2.26) and
(2.27), one can obtain the linearized Navier—Stokes equations,

aJ
—in(q)u(q,w)-{-aq ‘(q,0) =R, (qw), (3.23)

3 J
) kaiwn(q)tST(q,wH—% «J(q,0)=Rr(qw), (3.24)

where

9
II(q0)= 2.1 II;(q®») and J(qw)= 12’1 Ji(q0)

can be identified with the time Fourier transforms of the momentum and energy fluxes, respectively, and R,(g,0) and
R ;(q,0) are “thermodynamic sources.” The explicit expressions for the second rank Cartesian tensors Il,(qw), i=1,...,6,
vectors Ji(q,0), k=1,...,6, the vector R,(q,®) and the scalar R;(q,») are given in Appendix C. The tensors II,(q,»),
i=17, 8,9, and vectors J,(q,w), k=7, 8 give rise to viscosities and thermal conductivity, which are our main concern here:

3bo NN e -\, Fulao) _ Pu(qe)
H'I(Q’w): EFOS(q)GnI (Q:w)316+ﬁrbmd(q,w)io(Q)QQVu(q,@):16 -y aqaq ( q,0 ) a aq y

(3.25)

- B ; 3bF . 3bo . : 9 P (qw)
3((1,(0)———[ <4+ 4((1))’11 (q,w)-i-_ﬂz ] o(Q)-*_ os(q)@aq 3q

9b% (a4, 9
+21T( )nT*(q,w)n(q)Fos(q)(DPu(q,w) l4+ bvm(q,w) (@) * Quu(q,0)

9
~207 bonZo(@)O) 50 3q [71(00)Qv,(a.0)] - (27V2/207%)

2
. o(g,0) (0
X(%) 1t @ () 2@ OBu(g0) 14} 50—~ Ts(a0)g (3.26)
H9(q,w)—3b07lT*(q,w)(Fos(Q)+ #(Qyw)HO(q)GCP(q) 16) a l [San(q!w)] (327)
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5 (12 g e b?-m 9o AP (qw)
7(q,w)——-[( +307 2(q)) b (q,w)+7 oz(q)——Fos(q)CD—q

9 o~ 16 -
~1g oA (0,0)Fo3 () OQr(g.0) I+ bAT} (g0) n () F3() Pyr(g0)

Y bR ()OS [o* B 2 boAr* ()7 (0,0) Fou () OB T (4.0)
—35, 00 m(q)(;)a—q[r,,(q,w)n(q) vr(@w)] —7 boA}(q.0)Th(qw) m(q)(?Pr(q)-I "Ta
5T (q.0)
=—J7(qo) - g’ (3.28)
bo (9 8T (q,0) PST (q,0)
Js(q,ﬂ))=5_a( Foy(@)OA1” (q0) - 14+8/17'*(q,w)n(Q)FM(Q)QPVT(q,w) 1‘*)a—aq Ji(a@): g5
(3.29)

All new notations in Egs. (3.25)-(3.29) have been defined in Appendixes C and D. The continuity equation is considered
in Appendix E.

A. Transport coefficients

We now introduce the vorticity tensor W(q,»),

du(q, du(q, r
W(q,w)—— g:l“’)—( (a‘;w)) (3.30)
Then
dugw) _ W 1,9 3.31
P (quw)+ (q,co)+3 FY u(q,w) (3.31)
and
an (q) 1 c?n(q) 1 an(q) 1 an(@)\7
a—‘lv [Suv,.(q,w)]— S(qw) —/— (S( @) ) -3 W(q,») 5( G0) 5o )
1 on(q) 1 dn(q) 1/ dn(q) 1dn(q)
(S(q,a)) —q)l (W(q,w) 7 )I+€ (I 7 +3 7 I)a— w(qw), (3.32)

where the transpose [A]7 of the kth rank tensor A is defined as {A} j..m=Ay_ . Using expressions (3.30)-(3.32) and
(3.25)-(3.27) one can represent contributions II” (q,w) of the terms which are proportional to (8°/3qdq)u(q,w) into
(8/8q) +II(q,w) in the form,

Jd d d(a
" (g0)=—2i(gq0) 5 S(q,w) W(q,w)—W(q,w) K(go)- aq(a u(q,w)) (3.33)

where the fourth rank shear viscosity tensor #(q,») is

1 0
ﬁ(q,w)—-—(ﬂg(q,w)@le— -5 (q,0) ~ Gl(q,m)®le) (3.34)

the fourth rank turbulent viscosity tensor W(q,a)) has the form

" . 0 .
W(q,w)= §(q,co)®ls—3—q 'Hf,(q,a))+G2(q,co)(;)l6, (3.35)
1

and the second rank bulk viscosity tensor is defined as

A 1 a

I—G3(gw)OI|. (3.36)
1

In expressions (3.34)-(3.36), (9, denotes a convolution over the first left index of a tensor to the left of (), and the index
of d/dq from the expression (3.33), which should be performed after inserting expressions (3.34)-(3.36) into Eq. (3.33),
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and dots over the symbol (?); mean inner products. Moreover, convolutions in the large parentheses brackets in Eq. (3.36)
and everywhere below should be performed first, and tensors G;(q,®), G;(q,®), and G;{q,») are defined as

dn(q) 1
6i(ao =307 (a0 (Fusta) - T3 ) 5 G+ 1(a0)(Gat —3 6etw ) | (3.37)
* n(q)\ 1 3
G,(q,0) =3bony(q,w) (Fos(q) )+ Gale) +1¢ u(q,w)(GB(qHch(q)], (3.38)
9 (q) 1 dn(q)
G;3(q.w) =2bonr}(qw) {Fo3(q) * (qq) r*(q,w)[—o(q)G)Cp(q) 5(’( O ~3q )-[Cp(q):I]H,
(3.39)
n(q) .
G,.;(Q)‘Fos(‘l)@( 3 ‘14), (3.40)
14 q
A{ /,\.an(q)\.i (2 A1)
UB(q)—'—'O(q %3\ Cplq) 3q } 45 (J.41)
_ . on(q) .
Gc(q)==o(q)®[Cp(q):I]( 3 -14), (3.42)

where the symbols (-); and @1 denote convolutions over an index of the tensor to the left of (); or @1 with an index of
Ior 14, respectively. Although the turbulent viscosity tensor W(q,w) from Eq. (3.35) is nonzero 1tse1f the convolution
W(q,w) (8/8q)W(q,) is of the third order and should be neglected. Similarly, from expressions (3.28) and (3.29) one
can obtain contributions J”(q,0) to (3/9q) * J(q,@) from the terms which are proportional to (8*/349q)8T (q,0),
F8T (q,0)
dqdq

where the second rank thermal conductivity tensor /Al(q,co) has the form

J"(q0) = —A(qw): , (3.43)

. .. 0
l(q,w)=J$(q,w)®14+aq J3(q.0). (3.44)
1

Although expressions (3.34)—(3.36) and (3.44) for viscosity tensors and tensorial thermal conductivity, respectively,
have a complicated structure, they can be reduced to reasonably simple forms which can be proved to generalize those for
the corresponding homogeneous fluid transport coefficients. This is further discussed in Sec. IV.

IV. ANALYSIS OF RESULTS

With some additional and not very strong restrictions the linearized Navier-Stokes equations (3.23) and (3.24) and
expressions for the transport coefficients (3.34), (3.36), and (3.44) obtained can be dramatically simplified.

We assume now that the fluid inhomogeneity is due to the fluid-wall potential, and that no other external fields are
present. This case would include simple fluids confined in capillary pores whose walls are composed of simple atoms (for
instance, carbon, silicon, zeolites, etc.). Then from correlations (3.1) and (3.2), it follows that in each set of terms in Eqs.
(3.23) and (3.24) proportional to constants, bn(q), and b*n*(q), one can restrict consideration to terms of tensoriality

6666 in Eq. (3.23) and 66 in Eq. (3.24), and among those terms for any integrable, positively defined function f(q)
there would hold hierarchies of

[ dof@—os10202> [ dosta-otrcoan, s,
and
fd&f(q—a&)of> fd&f(q—a&)asa,, ss£l, psi=i,j k.

Thus, for small u(q,) and 8T (q,@), Eqs. (3.23) and (3.24) take the forms

48v2
HO(q,w)=———bm7n(q)( )fda'nw(q 01,0)81,(00—01,8) G 1—68) - u(q0), (4.1)
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3. J
—2 lwkw(q)5T(q,w)+% «J%(q,w) =0, 42)
where
3b —— n(q)
Ilo(q’w)=HI(Q9a))+ kB(n(q)I-{—ET(bz(q)) —T ’TrB )LTA(q9w)T*(q,W)CQ(q)
2 n(a) 72 ar*(q.0) 3
) (k gB/ uBm)byr¥(q,0)E(q) * _:"*‘_Bbz/lnio(q);( na:w r;(qq))

24
+55.- Bbon[ B(a) - A

3b 16
T18T (q0) — [8—: kp®03(q) +5,.0 VaBmAt¥ (q0)n(q) fdt“rn(q

72 J
—a&)g(q,q~0&)(&&—%I)&—Eﬂbznﬁi‘o(q)-al[f (q,co)n(q)]+ Bbo2nif*(q,w)n(q) =(q)

dn(q) ] 35T (q,w) [4802b
+7

72
L U oR ¥(@)+870h, TH(0)nta) [ dony(a

dq 5m
T
—01,0)81,(4,9—01,F) (66 —3 I)0'+477027'*(q,a))n(q) A(qQ):= (214+15 $II) | oIf-u(qw)
3b
—81”7#(“’”)(1“ Foula) ) Surn(0:0) ~20°(g0) S(q,w)—K"(q,w) 3q " U(a0), (4.3)
and
1 3b 15V2 (o, . . o
JO((Lw)=B (n(Q)I+ (I)z((l))—-—s~ (7) 'rj{‘(q,co)n(q)fda'nw(q—a,wo-)glw(q,q_glwg-)(0-5-_3I) ‘u(q,o)
+[Ebozidh(‘ﬂ—417/11'7{(‘1,0))(1-!—'2'@1?2(‘1)) ’;qq +—= 02/17';(q,a))n(q)M(q)]ST(q,m)
a aBT(‘Lw)
0 —————
—Alee) —5— (4.4)

and where the transport coefficients are given by

~ 3b ~ 3b
4W%‘(q,w>(14+@ fd&n(q—a&>g(q,q—a&)<&&&&>):(14+4—T—r f d6'n(q—06")g(a,q—0b")

7°(q,0) =1n(q)

X((&'&'—%I)é"é”))+?b2fda'n(q od)g(q,q9— 00')(0'0'0'0')] (4.5)
K°(q,w)—nn(q)(2bf*(q,w)fdtrn(q 05)g(a,9—08) ({86) —3 I)+5ﬂlb2
X fd&n(q—a&)g(q,q——a&-)[(6-6-)—%(6'2-13)]), (4.6)

o 9b
A%q,w)=An(q) |47 (q,0) (I+%; fd&n(q—a&)g(q,q—a&)(&&)) (I+—— fdo- n(q—od’)

24
Xg(q,q—06") <&’6">) to5.2 b f do n(q—od)g(q,q9—00) (t”rl“f)]- (4.7)
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In expressions (4.5)-(4.7) tensors (666:5) and (66) are
those 066 and &6, respectively, in which components
0,000, and oo, with odd powers of indices p,s,/,m
=i, j,k (e.g., a%aj, ajaka?, etc.) have been neglected, be-
cause of hierarchies established at the beginning of this
section.

As can be easily seen from Egs. (:1.5)—(4.7), the ratios
#°(q.0)/n(q), K°(q®)/n(q), and A°(q,®)/n(q) do not
depend on local values of the number density #(q). Simi-
larly to the transport coefficients for the general case de-
fined by Eqs. (3.34), (3.36), and (3.44), those from Egs.
(4.5)-(4.7) depend on position q and frequency . The
zero-frequency (or long time) limits of expressions (3.34),
(3.36), and (3.44), or Eqs. (4.5)-(4.7) provide tensorial
transport coefficients for the general case of inhomoge-
neous fluids in time-independent external fields and/or in
the presence of structured solid walls.

The general form of the relation between the number
density and transport coefficients (or so called “smoothing
procedure”’?) is Jdon(q—o06)g(q,q—06)6666. More-
over, as can be seen from Egs. (3.34), (3.36), (3.44), or
(4.5)-(4.7), there are two of its reductions involved:

fd&n(q—o&)g(q,q—o&)&&
- fdfrn(q——o&)g(q,q—a&)&&(&-a),
fd&n(q—a&)g(q,q—afr)

- fdirn(q—o&)g(q,q—a&)(&-«“r)(fr-ar).

Additional smoothing procedures appear in the general
case of Egs. (3.34)-(3.36) and (3.44), and are

fd&n(q—afr)g(q,q—o&)fr-;-&
and

fdvg(q,q—otr)a-;-a, k=1,..,5.

In the case of shear viscosity, bulk viscosity, and thermal
conductivity defined by Eqs. (4.5)-(4.7), the reductions of
the main smoothing procedure are

[ dsnta-ot5(a0—08)0702
and
[ donia-otrgtaa-o810% Lsp=ijk

respectively. In the following subsections we consider
several special cases of the further simplification of expres-
sions (4.5)—(4.7) for the transport coefficients.

L. A. Pozhar and K. E. Gubbins: Transport theory of inhomogeneous fluids

A. Transport coefficients in immediate vicinity of
structured solid walls

Although, in general, there exists a variety of contri-
butions to the transport coefficients, Eqgs. (3.34), (3.36),
and (3.44), caused by the presence of walls, the main con-
tributions caused by hard-core fluid-wall intermolecular in-
teractions are those which contribute to 'r’,",(q,w) and
7¥(q,0) [Egs. (3.8) and (3.11), respectively; at the zero
frequency limit the 7*’s are reduced to 7,(q) and 7;(q)
defined by Eqgs. (3.6) and (3.9)]. This fact becomes even
more obvious after natural reduction of the transport co-
efficients to those of Egs. (4.5)-(4.7), which assume no
external field other than that of the fluid-wall interactions
(see the beginning of this section). Quantities 7,(q) and
7;(q) are multipliers in the expressions for the main con-
tributions to the shear viscosity and thermal conductivity
tensors for all cases, including those for homogeneous flu-
ids. As follows from expressions (3.6) and (3.9), the con-
tributions to 7,(q) and 7;(q) caused by hard-core fluid-
wall intermolecular interactions are proportional to
fdén,(q—01,6)81,(8,9—01,0), and are nonzero only
for distances / from the walls which are about oy,

However, for separations /=a,, the values of 7,(q)
and 7,(q) can differ significantly from those for /> oy,
Since both functions n,(q—0,,6’) and g,,(q,9—0,,0) are
positively defined, [dén,(q—0,0)8,(a,9—0,,6)>0,
and values of 7,(q) at /=0, could be smaller than those
at /> o, This could lead to a decrease of shear (and bulk)
viscosities at distances /~0, from the walls. Moreover,
from Eq. (3.6) it can be seen that the larger the ratio
(01,/0)? is, the larger is such a decrease. Macroscopically,
for walls of simple geometries this could result in sliding of
the fluid monolayer nearest to a wall along the wall. This
phenomenon (known as a slip in velocity) has been dis-
covered theoretically'® and confirmed by different experi-
mental investigations in fluid mechanics (for example, in
the case of a flow of hard spherical colloid particles in
cylindrical channels!®), and by computer simulations of
low density gas flows?*?! and flows of simple liquids.?
Here we have provided a possible microscopic justification
for these observations.

For the thermal conductivity the situation is quite dif-
ferent. The hard-core, fluid-wall intermolecular interaction
contribution to 7;(q) is negative [see Eq. (3.9)], which can
lead to an increase in the thermal conductivity of a fluid at
distances /~a,, from the walls. Once again, the value of
this increase is defined by the ratio (o,,/ o)?, as well as by
[dén,(q—01,0)81,(4,9—01,0). Quantities 7,(q) and
7,(q) are related to characteristic times 7,(q) and 7,(q) of
the momentum and energy redistribution responses of a
fluid by relations (3.7) and (3.10), respectively. Thus, the
results obtained show that in the immediate vicinity of
walls the hard-core, fluid-wall intermolecular interactions
accelerate the momentum redistribution into a direction
normal to the walls, and do not effect significantly the
tangential momentum redistributions. In addition, these
interactions slow down the energy redistribution.
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B. Dense homogeneous fluids

For homogeneous fluids the equilibrium number den-
sities do not depend on molecular positions, #(q) =#, and
8(q,9—06) =g (o). Subsequently, in the absence of solid
walls, n,(q)=0, and the corresponding Navier-Stokes
equations, which can be obtained from Egs. (3.23) and
(3.24) or (4.1) and (4.2), take the forms

a
—icopu(q,w)—!-% ‘I 4(q0) =0, (4.8)
—3 ik pondT(q, ) =0, (4.9)
where
dp
HH(q,w)=1[(a—) op(qw)
Je]
B
+nkp[1+nbg(o)]16T(q,w)
a
and
Jy(q0) =nkpT[1+nbg(o)]u(q,w)
—A%(w)- 7 ®), (4.11)

and where tensorial viscosities 4 (o), K(},(w) and thermal
conductivity A9 m{w) do not depend on position q in the
fluid, and are reductions of those of Egs. (3.34), (3.36),
and (3.44), or those defined by Eqs. (4.5)-(4.7):

1 3
y(w)=n (l—icoF,,) ( ) (14—{— nbg(o)T ) [

3
+-—nbg(o)(T, 9w11)]+—?n2b (a)T]

47
(4.12)
. 16
K‘,%,(w):l—s— n?bg (o)1l (4.13)
. 1
A‘},(w):/l((l—iwa)-' —— [14% nbg(0)]?
(o)
32
+—n2b (a)) (4.14)

In Egs. (4.12)—(4.14) the quantities 7,, T; are reduc-
tions of those defined by Egs. (3.7) and (3.10), respec-
tively,

5 1/2

iz () noe(o]" (4.15)
15 1/2

iy (%) s (4.16)

and the fourth rank symmetrical Cartesian tensor T, has
nonzero components as follows

4
(T,,),,,,=-5- m, I=ijk,

4.17)
4 6!"5‘13
(Tn)pqrs='i§7r apslsqr P,q,r,3=i,j,k-
8,Brs

Scalar shear viscosity anc(a)) and thermal conductivity
2%..(@) coefficients can be obtained by calculating the con-
volutions nH(co) :S{q,w) and A9 (@) (8/9q)8T (q,w), in
Egs. (4.10) and (4.11), respectively,

ﬁ,,(co):scq,w)=n21sc(w)S(q,w), (4.18)
)1‘},(@)-3 a))=/lec(w) 6T(q,w), (4.19)
where
o 1
n%sc(w>=n((1~im,,) Im[l'f'%”bg(a)]z
8 2
+—nb (a)) (4.20)
and
(w)= /1((1 fcof)-‘—1~[1+§-nbg(a)]2
Hsc n g(a) 5
32 )
+2—5——nb (0’)) (4.21)

The scalar bulk viscosity K%, (w) follows directly from Eq.
(4.13),

K?,sc(co) —_ nzb g{o)7. (4.22)
Expressions (4.20)—(4.22) are identical to those obtained
for dense homogeneous fluids in Ref. 11, and at the zero
frequency limit lead to the familiar transport coefficients of
dense homogeneous fluids. Similarly, substituting Egs.
(4.18) and (4.19) into Egs. (4.10) and (4.11), one can
recover Egs. (3.14a) and (3.14b) of Ref. 11 for the Fourier
time transforms of the momentum and energy fluxes, re-

spectively, and the Navier—Stokes equations (3.13a) and
(3.13b) of Ref. 11.

C. Fluids inhomogeneous in only one direction

We assume that the fluid is inhomogeneous only in the
z direction. Assigning the origin of a spherical coordinate
system (7,0,¢) to position q=g,i+¢q,j+qgk=xi-+yj+zk,
so that ¢ is an angle between the z direction and spherical
radius r, and, thus o,=sin 8 cos ¢, o,,=sin §sin ¢, and o,
=cos 8, we can calculate the transport coefficient tensors
(4.5)—(4.7) and derive explicit expressions for the terms
—27%(q0)S(qw), —K%qw)(d/3q)-u(qw), and
Ao(q,w) +(0/3q)8T (q,w) on the right-hand sides of Eqgs.
(4.3) and (4.4), respectively,
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27°(q,0):8(q,0) =27°(z,0):S(q,0)
=29n(2) [ C1(2,0)S(g,0) + C3(2,0)5%(q,0) + C3(2,0)S 2(2,0) I+ Cy(2:0) S (q,0) 1141, (4.23)

N ad o d ” ad
K%(q,0) £ ‘u(q,0) =K’(z,0) 4 ‘u(q,0)=nmn(z) [K(z,0)1+K,(z,0) 1] 3 ‘u(qw), (4.24)

3 a3
A%q0)- —5T(q,w) =A%(z,0) - —6T(q,co) An({L(2,0)1+ Ly(z,0) 14} - 5T(q,w), (4.25)

where S,,(q,0) is the zz (or kk) component of the shear rate tensor S(q,w), the second rank tensor 1 «« has all components
equal to zero but for the kk component which is equal to 1, and the second rank tensor Sd(q,co) is equal to the shear rate
tensor S(q,») in which components S;(q,w), Si(q,®), S k(q,a)), and Skj(q,co) for S, (q.), S, (q,w), z(q,co), and
S,,(q,@), respectively] are set equal to zero. All other new notations in expressions (4.23)-(4.25) correspond to scalar
quantities and are defined as

3b 2 36 R
Ci(z,w) =477} (z2,0) (1+7 B"(z)) +5- b*B(2), (4.26)
. 3b 3b 6
Cy(z,0)=6b[; a(z) —B%(2)] [w;';(z,w) (2+7 Bz) +3 a(z)) +3- b], (4.27)

[1+(36/4)x(2)]
[B(2) 3 a(2)]

C(z,0)= 3b[B°(z) —ia(2)]

b
m*(z,co)(2+ r x(2)+ a(z) — §( z)

3bB° [Y(@2) B (2)—ta(2)]\ ¢
+—-B(2) +-—>bl, (4.28)
2 [B(2)—ia(2)] ™
, 3b 3b 3b 6
Cilz,0) =6b[y(2) —B°(2) —; a(2)] frr’,','(z,w)(2+§a(2)+—2—Y(Z)—-4—B°(Z))+§;b], (4.29)
2
Ky(z,0) =2b{mT}(z,0) [x(2) =3 v(2) | +5_bx(2) |, (4.30)
2
Ky (z,0) =2bE(2) (W’,‘,‘(z,w) +34 b), (4.31)
-~ * 9 2 24
Li(z,0) =4 A(z,w)(1+%x(2)) +Eb x(2), (4.32)
~ 3b 9b 8
L2(z,a))——— g(z)[31r7',1(z,w)(2+ X(z)+ g(z)) ] (4.33)

where the quantities T’,',‘(z,w) = 7,(2)/[1 — ioT,(z,0)] and H(z,0) = 7;,(2)/[1 — ioT;(z,0)] [see Eqgs. (3.8) and (3.11),
respectively] are reduced to 'r:(z) = 7,(z) and 7¥(z) = 7(2) at the zero-frequency limit,

2
'r;l(z) =21|v(2) +§ vi(2) +V7(%£) v,(2) ], (4.34)
i 27 13v2 (o1,\?
T (z2)=2m|v(z) -3 vi(2) - (7) v,(z) ], (4.35)
vi(2)= JW dO sin O[n(z—o cos 8) —n(z)1g(z,z— o cos 0), (4.36)
0
w(z)= fﬂ d0 sin On,(z— oy, cos 0)g,,(z,z—0y, cos 8), (4.37)
0
and
a(z)= r d0 sin® ON (z,z— o cos 0), (4.38)
0
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k0
B(z)= f d0 sin® 8 cos® ON (z,z— o cos a),
0
y(z)= f d@ sin 6 cos* ON(z,z— o cos 6),
0
£(z)= f d6(2 sin 0 cos? §—sin’ O) N (z,z—o cos 6),
0
"
y(z)= f d6 sin® ON(z,z—o cos 6),
0

v(z)= f dOsin ON(z,z— o cos 6),
0

and where

N(zz—ocos 0y=n(z—o cos 8)g(z,z—o cos 8).

8985

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

In coordinate representation the Navier—Stokes equations (4.1) and (4.2) take the forms

—iwp(2)uqo) + 9 M(qw) | =29 0) J
p(2)u/q, Em q m(20)| 50

!

*S(q0) | +2 ‘”(zw)iS (qw)—2 ‘”(zw)iS( )
> , n ’ aql zz\ Yy Ul s 9z 24y

a (9 48V fo,\* o,
+K(z,0) 3 (% 'u(q,w)>+——5— nb0<—0—) n(z) [3v2(z) —x,(2)

—&u(2)8y]uq),

a

—%t’wkan(Z)6T(q,w)+( 7 -J"(q,w)) =An(z) L, (2,0) V28T (q,0) +An(z) Ly(z,0) 27257 (4.0),

where

J - ad -
(51 'Ilo(q,w)) and (ﬁ 'J°(q,co))

are divergences of the fluxes Egs. (4.3) and (4.4), from
which terms

: d
—2ﬁ0(0»w)® a_q S(q,w))

d /d
_Ko(q"")(?% (% -u(q,w)),

and

—2%qw): & 8T (q,0)
? ‘aqaq 2 ]

respectively, have been extracted; u,(q,0) is the / compo-
nent of the velocity, 8, is Kronecker’s delta, S,,(q,w) is the
zl (or kI) component of the shear rate tensor, and £,(z)
and y,,(z) are defined by Egs. (4.41) and (4.42), respec-
tively, where N(z,z—o cos @) has been changed to n,(z
—0oy, cos 0)g,,(z,z—a,, cos 6).

In Eq. (4.45) the scalar shear viscosities, 7,’s, and bulk
viscosities K,(z,w)’s are

7 (z,0) =n(2) [Ci(z,0) + (1 —=8,) Cy(z,)],  (4.47)

I=i,j,k, (corresponding to x,p,z, respectively),

(4.45)
2
(4.46)

712 (2,0) =qn(2){Cs(2,0) + [ Cy(z,0) + Cy(z,0) 16,},
(4.48)

71> (20) =9n(2) Cy(2,0) (8x—1), (4.49)
Ki(z,0)=nn(2)[K|(z,0) +6,K;(2,0)], I=ij,k. (4.50)
The thermal conductivities in Eq. (4.46) are
Ai(z,w) =/1n(z)zl(z,a))
and
Ay (zw)=An(z) L(z,»). (4.52)

The transport coefficients (4.47)—(4.52) can be calculated
immediately provided the equilibrium number density 7(z)
and pair correlation function contact values g(zz
—o cos 8) are known for the composite potential ¢;.

Once again the transport coefficients for homogeneous
fluids can be easily recovered from Eqs. (4.47)—(4.52).
Indeed, for such fluids

B(z) —3a(z) =0, £(z2)=0, y(z)—B°z)—ta(z)=0,
x(2)—=3v(2)=0, wv(2)=0,

(4.51)

and v,(z) =y, (2)=£,(2)=0
[since n,(z) =0}, and one can derive

7§ (@) =1 (0) =K (0) = L,(w) =0,

7D (@) =nfe(@), Ai(0) =AY (0),

J. Chem. Phys., Vol. 99, No. 11, 1 December 1993 _ o
Downloaded 02 Oct 2005 to 141.217.4.72. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



8986 L. A. Pozhar and K. E. Gubbins: Transport theory of inhomogeneous fluids

and
Ki0)=K% (o),

where 1%, (@), AY(®), and K%, (w) are defined by Egs.
(4.20)—-(4.22), respectively, for all I=i, j, k.

In the particular case of a fluid in a narrow slit pore the
results Eqs. (4.47)-(4.52), can be simplified further. We
choose the z direction to be orthogonal to the pore walls,
which are parallel to each other. Then the shear rate tensor
will have just four nonzero components S,,=S,,, S,,=S,,,
because in a narrow pore of several molecular diameters
width, u,(q,w) =0. As a result, Sd(q,a)) =0. Subsequently,
the right-hand side of the momentum conservation equa-
tion (4.45) takes the form

ad 2
2n(z)Ci(z,0) (a—q -S(q,w)) +(48V2/5)nb0(%ﬂ)
!

X n(z)[3 v2(2) —xu(2) Jufq,0),

where /=1,j, and one finds a unique scalar shear viscosity
coefficient
Nait(2,0) =nn(z) Cy(z,0). (4.53)

At the zero frequency limit it follows from Eqgs. (4.53) and
(4.26) that

3b 2 36
N4t (2) =7n(2) 47rr,,(2)(1+713°(2)) +3- b’B"(Z)]-
(4.54)
Similarly, the right-hand side of the energy conservation
equation (4.46) is reduced to

~ ~ &
An(2)[Li(z0) + Ly(z0)] 35 6T (gw), (4.55)
so that the scalar thermal conductivity Ag;(z) in the zero
frequency limit is

Agie(2) =An(2) [ Ly (2) + Ly(2) ], (4.56)

where L,(z) and L,(z) are defined by Eqgs. (4.32) and
(4.33) and calculated at 7¥{z,0) = 7;(2).

Other examples of fluid inhomogeneous in only one
direction include fluids confined in narrow capillary pores
of spherical and cylindrical geometries. The corresponding
linearized Navier—Stokes equations and transport coeffi-
cients can be found for these cases after rewriting Egs.
(4.45) and (4.46) in proper coordinate system representa-
tions. We postpone investigation of such systems to our
future work.

D. Inhomogeneity and the ratios (transport
coefficient)/n(q)

As follows from the results obtained earlier, the trans-
port coefficients, both in the general case [Eqs. (3.34),
(3.36), and (3.44)] and in the case of external fields caused
by the fluid-wall interactions only [Eqs. (4.5)-(4.7)], are
functionally dependent on the position q in the fluid. Al-
though the ratios (transport coefficient)/n(q) have been
proved to be independent of local values of n(q), and con-

sequently their dependence on q is not dramatic, it can still
be significant. From a practical point of view it would be
helpful to know for which specific inhomogeneous fluid
systems, if any, the spatial dependence of the transport
coeflicients is negligibly small.

For this reason, we first consider the transport coeffi-
cients in the case of external fields generated by fluid-wall
intermolecular interactions only, Egs. (4.5)-(4.7). It’s
clear that the ratios (transport coefficient)/n(q) would be
independent of q if the quantities

), Ti(gw),

AAA

fdaw(q—o&)g(q,q—o&)ow&,

[ donta—ot18ta0—0815%,
and
[ donta-o08(a0-0%)
are independent of q. In this case, since the spatial gradient

of the number density of the equilibrium, inhomogeneous
fluid is large, and, also, 0;,0;,0%<1, one can expect that

7] ]
3 f dcrn(q—oa)g(q,q—ov)omaﬂpas<5(—l n(q),
M,I,P,S=i:j;k

and, consequently,

a3 3
E» fdo'n(q—00')g(q,q~oor)amcrs<§1 n(q),

J a
3 f don(q—o6)g(q,q—06) <5¢_1 n(q).
Moreover, from the definitions of the quantities fr:(q,w)

and 7¥(qw), Eqs. (3.8) and (3.11), respectively, it follows
from the condition

J- don(q—o00)8(q,9—06)0,,0/0,0,=const,

that for distances larger than o,,, from the walls one can
derive

) ) E
% [T’,",(q,co)]“%gl [7";'.‘(<1,co)]"<a1 n(q).

Indeed, these quantities depend on q through 7,(q) and
7;(q), respectively. Then from Egs. (3.6) and (3.9) one
can show that for separations |q|> o, from walls the
dependence of 73 and 7§ on q is defined by [dén(q
—o06)g(q,9—00d), because of the inequality

Jd&[n(q—aa') —n(q)]g(q,q—06)

< fdaw(q—u&)g(q,q—a&).
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Consequently, we conclude that for inhomogeneous fluids
for which [dén(q—o06)g(q,q—0d) is almost independent
of q, i.e.,

a 4 . .. 0n(q)
alf an(q—aa)g(q,q~oa)<T,

the ratios (transport coefficient)/n(q) will be almost inde-
pendent of q as well. It can also be shown that this ine-
quality is the necessary condition to have such ratios inde-
pendent of q for the general case, Egs. (3.34), (3.36), and
(3.44). Noticing that

f d6 n(q—06)g(q,q—0)

= fdﬁw(q+a&)g(q,q+ofr),

and recollecting that even for inhomogeneous fluids con-
fined in narrow capillary pores of several molecular diam-
eters width, the condition
7 (q) <1 i (q) ,J .k
n — |3 nq ‘9 m,s,p=i,j,

30,0,"@| <5 Iaq,, p=h
holds, one can expand n(q+0é&) in the kernel of the inte-
gral [dé n(q+06)g(q,q+06) in a Taylor series in o in
the neighborhood of q. Restricting the series to the first
three terms gives

an(q) o° #n(q)

(1) (0)

an +o a;"’ ——+— ay’ ——=—=by,

() l=%,k ' ag T2 1=%,k o oq 0

(4.57)

where
ay= fd&g(q,q+a¢‘r), (4.58)
all)= fdfrag(q,qw&), (4.59)
a®= fd&<6-&>g(q,q+afr), (4.60)
bo= [ dé n(a+od)g(an+on). (4.61)

_ 0
n(z)=

where C,, C, denote constants, S, are

S1a=—p =+ (u?—wf)?

Ciexp[Si(z—2z,—0,/2) 1+ C; exp[Sy(z—2z,—01,/2) ],

In expression (4.57) we have neglected the contributions
of 0,0, terms with /4n into @, and assumed a,, a”, a®
to be independent of q. Although this additional restriction
is not obvious in the particular case of external potentials
generated by the fluid-wall interactions only, more detailed
analysis shows that this condition is required to assure that
the ratios (transport coefficient)/n(q) are independent of
q in the general case [see Egs. (3.34), (3.36), and (3.44)].

For a fluid inhomogeneous in only one direction (e.g.,
the z direction), Eq. (4.57) is reduced to

@ +0a® PO T 0D o)
an(z)+oa, e + 2 a,, 2z o .
where explicit expressions for a,, al", and a{,
a2=2ﬂf d0 sin 0g(z,z+0 cos 8), (4.63)
0
w
a§1)=27rf d0 sin 6 cos 0g(z,z+ o cos 0), (4.64)
0

al®=2r f dfsin 0 cos? Og(z,z+0cos 8),  (4.65)
0

can be derived from Eqs. (4.58)—(4.61) using a consider-
ation similar to that in Sec. IVC, by=v(z) [see Eq.
(4.43)], and all notation correspond to those introduced in
Sec. IV C.

If we choose the origin of the Cartesian coordinate
system to lie somewhere inside a wall, than Eq. (4.62), as
noted earlier, would hold for z—z,>0,,/2 (the positive
direction of the z axis corresponds to the direction from the
wall into the fluid). Equation (4.62) is an inhomogeneous,
linear, second-order differential equation, and at z>0,,/2
+z,, has the solution

~ bo
n(z)=n(z) +;1—2 , (4.66)

where 7(z) is a general solution of the corresponding ho-
mogeneous equation, which, since quantities a,, a{!’, a!?’,
and by0 are real and positive, describes the damped har-
monic space oscillator;?® for (a{")2—2a%a,540 it takes

the form

and where the damping constant x4 and the undamped natural circular frequency w, are

oV

h= =5

202

z<z,+0,/2

252+ 012 (4.67)
(4.68)
(4.69)
(4.70)
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At ()2 —2aPa,=0 the critically damped solution is

ﬁ(z)={0

[Ci+Cy(z—2,—01,/2) lexp[ —p(z—2y—01/2) ],

L. A. Pozhar and K. E. Gubbins: Transport theory of inhomogeneous fluids

2>Z,+01,/2

4.71
Z<Zw+0'1w/2. ( )

Since the relation (3.1) still holds, it is likely that for inhomogeneous fluids (aﬁ”)z—Zagf)a2<0 [see Eqgs. (3.1) and

(4.58)—(4.60)], and the solution (4.67) can be written as

0
ﬁ(z)=[

where the characteristic circular frequency wy is

(4.73)

The constants C,, C,, or C; and a in Egs. (4.67), (4.71),
and (4.72) should be chosen so that the solution #(z)
defined by Eqs. (4.67), (4.71), or {4.72) would satisfy the
boundary conditions for the particular inhomogeneous
fluid-wall system of interest.

The main conclusion of the discussion above is that for
inhomogeneous fluids in which the equilibrium number
densities n(q) behave qualitatively like damped spatial os-
cillators one should expect the ratios (transport
coefficient)/n(q) to be only weakly dependent on q. Sim-
ulation data (for instance, Ref. 24) for the equilibrium
number densities of fluids confined in narrow slit pores of
width greater than 3¢ exhibit such damped oscillatory be-
havior for n(q).

The qualitative consideration above can be extended to
inhomogeneous fluids in narrow capillary pores of cylin-

2
oy=(w02—p?) V2.

drical and spherical geometries, which we will consider in

the near future and, hopefully, to other systems of rela-
tively simple geometries. Thus, we conclude that for inho-
mogeneous fluids confined in pores of some simple geom-
etries the ratios (transport coefficient)/n(q) should be
only weakly dependent on q at separations from the walls
|q| > o,,/2. This conclusion is in a good agreement with
that obtained by Davis and co-workers'?!*?* from simula-
tion data for velocity profiles of Couette flow in narrow slit
pores of several molecular diameters in width. Though
such fluids are strongly inhomogeneous, for strictly geo-
metrical reasons the ratios (transport coefficient)/n(q) be-
have as if the fluids are weakly inhomogeneous, and the
corresponding Navier-Stokes equations are rather simple
generalizations of those for homogeneous fluids.

V. CLOSING REMARKS

The transport theory derived above is a rigorous gen-
eralization to inhomogeneous fluids of the Enskog-like ap-
proach suggested by Sung and Dahler!! for homogeneous
fluids. Although rigorous this theory remains tractable, an
advantage that derives from dividing the potential into
hard-core and soft contributions. The transport coefficients
thus derived have a simple and tractable structure, and can
be easily investigated and evaluated. The theory incorpo-
rates some approximations. The two basic ones are trun-
cation of the set of moments equations and neglect of dy-
namic memory.

C; exp| —pu(z—z,—0,/2) Isin[oy(z—z,—01,/2) +al, z>z,40,/2

z2< 2,4 07,/2
1w/ (4.72)

—

The shortcomings of the 13-moments approximation
can be alleviated, in principle, by expanding the basis set
beyond the first 13 velocity moments of the singlet dy-
namic distribution function. Although we do not have
enough information on nonequilibrium inhomogeneous
fluids to estimate the omission properly, it’s well known
that for homogeneous fluids more accurate estimates of the
transport coefficients at zero frequency in the conventional
Chapman—Enskog procedure lead to slight modifications
of the numerical values of the contributions proportional
to n2b2g(a); these correction factors are (1.016)_l
for shear viscosity and (1.025)‘1 for thermal
conductivity.>!® Thus, one does not expect the use of the
13-moments basis set truncation to lead to large errors. To
correct this omission, one can use the Gross—Jackson ki-
netic modeling procedure,?> which should be extended to
inhomogeneous fluids.

The main contribution to dynamic memory effects is
likely to come from repeated core collisions (not included
in the theory presented here); there will also be smaller
contributions due to the soft part of the potential. The
neglect of these dynamic memory effects can be corrected
for through analytic models, or by using molecular simu-
lation data. Thus, one can make an approximate correction
for these effects by adjusting the theoretical results to
match simulation data for a fluid of hard spheres of the
same hard sphere diameter, as has been done by Sung and
Dahler,“ who used Alder?® and Dymond27 correction fac-
tors. For inhomogeneous fluids the application of such
ideas will be somewhat more complicated, since the density
(and hence, the effective hard-core diameter, in the Weeks,
Chandler, and Anderson ( WCA ) approximation discussed
later) varies with position.

Calculations based on Egs. (3.34), (3.36), (3.44), or
(4.5)—(4.7) require determination of the local equilibrium
number density n(q), the hard-core diameter o, and eval-
uation of contact values of the pair correlation function
g(q,q— &) for the intermolecular interaction potential @;
of Eq. (2.1). The latter should be chosen so that it mimics
some more realistic intermolecular potential, e.g., the
Lennard-Jones model, ¢;;. To do this, one can use the
Weeks, Chandler, and Anderson?® or Barker and Hender-
son”® (BH) methods. Both methods have their pros and
cons from the transport theory point of view. The WCA
method supplies a hard-core diameter, owcs, Which de-
pends on the equilibrium number density and temperature
of the fluid, whereas the BH procedure yields a ogy that
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depends only on temperature. From a dynamical point of
view there is scarcely any difference between collisional
encounters described by potentials ¢; and ¢;;, and it’s
reasonable to take into account the averaged effects of such
small differences in the potentials by choosing the hard-
core diameter o to be a functional of density and temper-
ature.!!

In using the WCA choice of hard-core diameter, we
note that the theory incorporates an assumption that the
hard-core diameter ¢ corresponding to local densities n(q)
and n(q+-§) is the same, provided |£| <o. We believe this
may be a good approximation for many situations, since
the density dependence of o is weak.?® Nevertheless, the
theory should be regarded as a zero-order theory with re-
spect to the density dependence of o, provided the WCA
choice of hard-core diameter has been used. In order to
avoid having to calculate o for every local value of n(q) it
should be possible to introduce an averaged density n*, and
then calculate oycpa (#*).

The BH choice of hard-core diameter looks much
more attractive for inhomogeneous fluids, because ogy
does not depend on the density of the fluid. In this case the
theory developed above should be regarded as an exact
theory with respect to the density dependence of o. How-
ever, alleviation for the neglect of the dynamic memory
may become more complicated, because it is no longer
clear that the main contribution to the memory can be
equated to those caused by the repeated hard-core colli-
sions only.

The contact values of the pair correlation function
8(q,q—06) can be obtained by direct computer simula-
tions for a fluid with the intermolecular interaction poten-
tial @, of Eq. (2.1). Moreover, for homogeneous fluids
Sung and Dahler!! found that for the WCA choice of hard-
core diameter the following correlation holds,

8(owca) N gloyy)
gu(owen)  gulony)’

(5.1)

APPENDIX A:

8989

where gy (01y) and gy(owey) are the contact values of the
pair correlatlon functlons spe01ﬁc to the hard sphere fluids
with hard sphere diameters equated to oy {where oy; is
the Lennard-Jones parameter) and owca, respectively,
and g(oyy) and g(owca) are the contact values of the
pair-correlation functions for the Lennard-Jones fluid.
Similar correlation may hold for the corresponding local
contact values of the pair correlation functions in the case
of inhomogeneous fluids, and this could lead to a reason-
able approximation of g{q,q— o) specific to the compos-
ite potential ¢;.

Finally, we note that at the simples
timate the quantities

t level one can es-

A AN

f dé n(q—o6)g(q,q—06) {6666

and

f d6 n(q—06)g(g,0—06) (&)

in Egs. (4.5)—(4.7) heuristically, as was done in Ref. 1 for
a fluid inhomogeneous in only one direction. While such an
approach may give immediate results, it will be of uncer-
tain validity and likely to break down in unforseen
ways. We plan to test the theoretical expressions for the
transport coefficients presented here via molecular simula-
tions for fluids near walls and confined within pores, and
these results will be presented in future papers.
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INTEGRODIFFERENTIAL FORM OF THE MOMENT EQUATIONS

The integrodifferential equations obtained by using the 13-moments approximation are

ad a
é?an(q’t)+5i -[n(q)u(q,t)]=02n(q)fd&n(q—o&)g(q,q-m‘r)c“ﬂ [u(q—08,t) —u(q,?)] + 0%, n(q)

X fd&nw(q——alwt‘r)glw(q,q—oxw&)&-u(q,t),

3
*P%q,1) +kp 3

ad
ER [p(@)u(qg,

an(q)

1 , aC(a,q") . 0% (a,a")
=3 qu [n(q)(T—g(q,q) 34 )+ 7a

(A1)

143
[n(q)éiT(q,t)]I+[7,a on(q,t)

(1+C(q,q'>— f dq"n(q")C(q",q'>)

on(q’,1)

~ s m 172
+202(F9) n(q)fd&n(q—a&)g(q,q—m‘r)(fr&—§I)'[“(q—“&")““(q”)]"2‘/202“”(?3) "
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2 olkB a a ~
><fdﬁﬂw(q—alw&)glw(q,q—olw&)(t‘rc‘r—sl)-u(q,t)+ 5 n(q)fdow(q—aa)g(q,q—aa)
X&[8T (q—06,t) —8T (a,1) ] += fdtrg(q,q—atr)wm[n(q)P (q—ob,t) —n(q—od)P°(q,1)]

or
+5 fdﬁ'ﬂ((l—Uﬁ‘)g(q,q—m‘r)fr&ﬁ"-Po(q,t) +¥ Jd&nw(q—le&)glw(q,q—01w0')0'0'0“-P°(q,t)

o? (Bm\
+?( ) fdag(q,q 06) (66—3%1) + [n(q)Q(q—06,t) —n(q—06)Q(q,t) ]
172
_(2\/2/5)0%,0( ) jdﬂw(q a‘lwg')glw(q,q o.lwa.)( 21)'Q(q,t), (A2)

3 3
kgn(q) 6T(q,t)+ Q(q,t)+kBT— [n(q)u(q,?)]
oty R . an

=25 n(q) fd&n(q—a&)g(q,q—a&)fr' [u(q—ot“r,t)—u(q,t)]+7 n(q) fdcrnw(q—alwv)gnw(q,q—olwo)tr

cu(q,t) + (kp/ ymBm)on(q) f dén(q—o06)g(a,q—06) [T (q—0d,t) —8T (q,t) | + (0*/ {mBm)

deég(q,q—a&)(&&—ll) [n(q)P°(q—0d,t) —n(q— ao-)PO(q,t)]—{— Jda‘g(q,q it

20% ) . .
- (@) Q(a—03:) —n(a—08IQaN] + 5 | do nla—0D)g(ag—00)- Q)

+021wfd¢‘r n,(q—01,0)81,(8a—01,0)5°Q(q,1), (A3)

a3 48
B3 P°(q,) +2Sun(a,2) + 7 Sqla,?)
t 5
=0o’n(q) fd&n(q—at‘r)g(q,q—m”r)(&?r—%I)t“r- [u(q—08,1) —u(q,?) ] +20%,7(q) fdfr n,(q—0y,0)
B 1/2
Xglw(q,q—alw&)(t‘n“r—%I)&-u(q,t)+2k302(ﬂ—m) n(q)fdt‘rn(q—aé)g(q,q—m‘r)(t”rt“r—%l)
172
X [6T (q—06,t) — 8T(q,t)]+2( ) olfdtrg(q,q 06) (66— 1)&6:[n(q)P°(q—o06,t) —n(q—06)P%(q,1)]
B 1/2
—6( ) olJ‘dan(q 06)g(q,q— ao-)(o-o-—%l)&é".Po(q,t)—W?(-ﬁ—m) ofwfd&nw(q-—alw&)
X g1 @q—01,0) (-3 1)F6:P°(q,0) + Bozjdtrg(q,q 06) (66—31)6+ [n(q)Q(q—06,t)
1
—n(q—006)Q(q,1)] +§Bolfdt‘rn(q—m“r)g(q,q—m“r)(fr&—%I)&-Q(q,t)

4
+§ Eo%w J‘ do nw(q_aluﬁ')glw(q,q_aluﬁ') (6'6""% é-Q(q,0), (A4)
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] 5kp 8 5 13
a_tQ(qJ) +§B_m£ [”(Q) T(q,t)]'i_B_mg"i P (qyt)
= (6%/2B mBm)n(q) fd&n(a—ofr)g(q,q—a&) (66—31) - [u(q—06,t) —u(q,1)]
. ) A nn 2 30% kp
— (v2d%,/B [mBm)n(q) fdtr n,(4—01,6)81,(4,9— 01,0 (FEF—5 1) -u(q,t) +TB_m n(q)
fdtrn(q 06)8(q,q—06)5[8T (q—00,t) — 6T(q,t)]+ fdtrn(q 06)g(q,9—06)566:P°(q,2)
30°
a5 | 4 8(0a—08)600:n(@)P(a—08:0) —n(a—cBIP(g.)] - (26%/5 i) [ o n(a—o0)
X g(q,q—06) (66+1) - Q(q,2) + (275%/20 ymBm) fd&g(q,q—ot“r)(&&—%l) * [n(q)Q(q—061)
—n(q—06)Q(q,1) ] — (13v2o?%, /5 \/me)fdfrnw(q—amﬁ)glw(q,q—olw&)(«“r&—§I)-Q(q,t). (A5)

In Eqs. (A1)-(AS5) I denotes the unit matrix, and quantities

&.&.6', n=273,...

AAAAA

fourth rank Cartesian tensor composed of 81 components (000,05, LLms= x,y,z Similarly, [66— (1/3)1]6,
[66— (1/3)1]66, etc. are tensorial products of the tensors [#6-— (1/3)I] and & or §6. The second rank Cartesian tensors
S.ux(q,t) and Sy(q,?) are defined as

1{d d T 2/9 A
Sun(q,t)=5 a—q[u(q,t)n(q)]+<% [u(q,t)n(q)]) —gl(aﬁu(q,t)n(q)])}, (A6)

a a r 2[ d

where {(3/9q)[u(q,t)n(q)]}’ and {(8/8¢)[Q(q,1)]}¥ denote the transposes of the tensors (d/dq)[u(q,t)n(q)] and
(8/8q)[Q(q,2)], respectively.

SQ((Lt) =§

APPENDIX B: REDUCED EQUATIONS FOR P%q,») AND Q(q,»)

Reduced equations for the time Fourier transforms of the “kinetic” contributions to the energy flux and the pressure
tensor are

—sz(q,a))+[802/15\/1TB ][fda’n(q o6)g(q,q9— oo-)+ fda'[n(q)—n(q c6)1g(q,q—06) — (13v2/8)

X(%D) fd&”w(q_gluﬁ')glw(q,q—alﬁ)]Q(q,a))

sk ) T (g,
23,}:1( [n(q)6T(q,w)]+ (q fdtm(q 00)g(q,9—06) 56 —aqia—))—[&n(q)/zﬁ\/wﬂm]
q
du(q, v3o? ’
x f 46 n(q—o08)g(a,q—08) (66— 1)é: (a‘fl“’)~ B\};’;';(") f d6 1,(Q— 010) 210 (@A — 015) (66—2 )
X-u(q,w)+— fda[an(q)—zn(q 06)1g(a,q—08) 555 P(q,0), (B1)
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—ioP%( a))+zS ( w)——in( )J-d&n( —a)g( ——06')(6'6'—11)“0"8“(‘1@)-{-% (q)
q, B un\ Gy - ﬁ q q £L4q,q 3 . aq B niq

X fdfr 14— 01,6)810,( 44— 01,6) (66 —3 D&+ u(q,0) — (2k zo°/ ymBm)n(q)

35T(q,w)

fdan(q 06)g(q,q—06) (66— 1)&-————— (40%/5 JmPm)
N A 1 A N ~ Tiw 2
x( [ do nta-ore(aa—o0)+3 [ doetaa-oo)nta—o0)—n@1+v2( %)
. . o’ . .
X fdt‘r nw(q—alwo)glw(q,q—alwv))P°(q,w)+g [ fda[Zn(q)—n(q—w)]

Xg(q,q—at“r)(&fr—‘l)¢r+4( )fdtrnw(q 01,0)81,(0,9—01,,0)

X(&&—%I)&} *Q(q,0). (B2)

If one assumes n(q) =const. n,(q) =0, and g(q,q—06) =g (o), then from Egs. (2.25)-(2.27) and Egs. (B1) and (B2),
one can recover the 13-moments approximation equations for dense homogeneous (bulk) fluids.!!

APPENDIX C: THE FIRST SIX CONTRIBUTIONS TO THE MOMENTUM AND ENERGY FLUXES, AND R,(q,),
R+{(q,0)

The explicit expressions for the first six contributions to the momentum fiux Il(q,w) are

@ @
(a0 = [ da’ sy ontat ) =t [ dadar 3o ontn —g5 (@ [ da T p () nca')

1
+35 n(q)ff dq'dq"n(q")Tr p(q”,q")én(q",®) )I. (C1)
3b . 3b ~ 3bo : 8
,(q0)= [ks(n(q)H-G ®,(q) ) —mymBmAr}(g0)TH(q0) (14+E F4(q)):Pr(q) +—g~ VmBmAFos()® a4
= 96 ~ 72 Bb?
X [f}‘(q,w)f’,',‘(q,w)Pr(q)]—Egﬁbozflmi‘(q,co)E(q) Qr(gw) +55— /ln—o(q)@ [T*(q,co)QT(q,w)]

24
Jvﬁ o?in(q)7¥(q.0) [A(q):Pyr(qw)]” +35 TI8T (q.0), (C2)

3bo 3% . d
II;(q,w)=— “’_ka‘bos(Q)-l- \/WB /{T*(q,w)n(Q)(le-i-— Fu(q): 16) Pvr(q,w)~ \/WmeU)»Fos(Q)@a_q

) AP (qo)
X[T*(q,w)n(q)Pvr(q,w)]Jr Bboln-—(q) A3 (q0) — 7Bb ﬂuo(Q)Q—
dq
) 36T (q.0)
\/mmeUM*(q,w)r*(q,w)Fos(q)®Pr(q)I+ Bblnf*(q,co)-o(q) Qr(qo)I|- g (C3)
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&8T (g,
m(q,m—( VBm ba/tr*(q,mn(q)Fos(q>®Pw<q,w) 14+—?Bb2n o(q)@zt?)(q,w)-l) Tf;;l (C4)

4807 ~ - ‘d

M5(q.0)= [—5-17— bn¥(q) +8701,17%4 (4,0)n (@) Pu(q,0) + 607, bn7*(q,0)n(@)F4(@):P,(6,0) —30%,0b7Fes(0)® E™
- ~ .
X[ @oIn(@Pu(g0)) — (V2/5motbnrtae)n( @E(@) - Qu(a) + (V2/10m o bonZo O 5o

X [T4(q.0)n(q)Qu(q0) ] +0*[A(q) ! 2’(q,co)]T°I+ o*n7%(q,0) [B(q) * Qy,(g.®) oI | +u(q,w), (C5)

. 3b 3
s(q0)= —8ﬂnf?,‘(q,w)(l4+GF4(q)) Tl[r’!,‘(q,w)]
9 _ 9 .4
~3 0177 (40) 7% (4,0)E(q) - Cy(a) +7¢ bonEe()O % [73(a.0)7}(q0)Cy(q)]
9 : d .
+1_6"b0‘777"1';(q’m)7f.(%w)20(q>®cp '—‘i ]:San(q’w)~ (C6)

In expressmns (C1)-(C6) [D)” means the transpose of the pth rank Cartesian tensor D defined by the expression
{[D]"}im..s= D;._m;» and an open dot (°) denotes a convolution over the second left index of a tensor to the left of © and
a regular index of the tensor to the right; notations (9 and (5)_, denote convolutions over a & index of a tensor to the left
of the corresponding convolution sign and a (3/dq) index of a tensor to the > right; in the case of (9_, the (3/dq) index of
a tensor to the right should be taken after executing convolutions of tensors 1,6 14, or I with the corresponding continuum
variable or its spatial gradient. The sixth- and fourth-rank Cartesian tensors 1, 14 are composed of components ( 16) Imnspq
=81, 8mBns> (14),,,,,,:—5,58,,,,,, respectively (8-s here are Kronecker symbols), and are considered in Appendix D. Gradi-
ents (3/8q) |, in Eq. (C6) and (3/3q) |y, in Eq. (3.27) are to be calculated at u(q,») and Vn(q) fixed, respectively, and
V=(d/dq). All other new notations in Egs. (C1)~(C6) are as follows:

m(q)—n(q)fdtrn(q 0d)g(q,q— 00')0 ¢r+ fdan(q)n(q 0d)g(q,q— cnr)trm+1 m=1.2,... (C7)
Fn(@)=n(0) [ doglaa— oo o+ fdan(q)g(q,q 08, 12 (C8)
2(a) =n(a) [ doglaa—o3)6(65—1D)+5 f dom(q)g(g,a—08) 66651 1), (C9)
¥(@=n) [ d«“rn(q—a«‘r)g(q,q—a&)&(“&~%I>+§% - [ dont@n(a—omrg(aa—omreses—in,  (c10)
Fan(@)=n(a) [ doglaq—08)6-8, m=12. i)
d)om(Q):n(q)fd&n(q—a&)g(q,q—a&)@igﬁ, m=12,. (C12)
Zo(a) =n(a) [ dogaa—o) (56053 516, (c13)
¥o(q)=n(q) fd&' n(q—o&)g(q,q—a&)(&&&&—%6'16'), (C14)

d
A(q)= %3 F4(q)+( )fdvnw(q 01,0)81,(q,q9— alwv)mn“r+fdt‘r[n(q)—n(q—crt“r)]g(q,q—cn‘r)c‘rfrt‘r,
(C15)
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d n AN AR 2
B(q) =%3:" ( fdtr n(q)g(q,q—06) (86—} I)tr+——— fd«m(q)g(q,q 06)6(66—51)0

+ [ dotnt@) ~na-00)lgtaa—00) (663 1)—2v2( ) [ domuta-ondrzitaa—own @o-iD.

(C16)
The first six contributions to the energy flux J(q,w) are
1 3b - 9
Jl(q,co)=/§ (n(q)1+—<1>z(q))—(15v§/8)( )n(q,w)n(q)(H2 Fz(Q)) Q.(q) + (27v2/64r)
15
x( )baFos(q)(Da [T*(q,w)n(q)Q.,(q,w)H ( )b'r*(q,w)n(q)Fs(q) P,(q0)
2 (T bF (@G —[a*( )n(q)Py(q)] ——[L( ) P( )]T+3r*( )
_87T o orops(q @aq 7 qo)n(q ulQ@ +81T7] q '711 q,0 32 A q,0
X[M(q)-Qvu(q,w)]T]'u(q,w), (C17)
625 7o 9b
Jz(q,w)—B[ or*(q,w)Fs(q)+ 02Fo4(q)®a (@0) — 55 5 Tn (q,w)f*(q,w)( Fz(q)) C,(a)
1125
10247r02F03(q)®a [73(9,0)73(4,0)Cy(@) ] |:Suva(g.0), (C18)
5 3
Ji(q,w)={(3ba/ \/me)n(2T*(q,w)Fo4(q)+m Ty (q,w)v‘*(q,w)Fos(q)@C (q): 16) ‘3a [Suva(a®)], (C19)
9p? 3b 3bo : 4
J4(q,w)=—(l/\/wﬁm)[§ 7®03(a) +— F3 ()1 (a.0) — 5~ Fos(@)O g 117 (0.0)
92 [o1,\° 9b -
- (—) nf*(q,w)n(q)Fm(q)(DP..(q,w) 14+3vrnf*(q,w)(l+ Fz(Q)) Qvu(q.0)
27 - 3 " - 81V2 (o1,\" , " s ~ | dulgw)
_E banF03®a_a [ /l(q,w)QVu(q’w)]_m_ (7) b n A(q’w)n(q)FO3(q)C;>Qu(q)w) '14}' aq ’
(C20)
@ 9 Pu(q,0)
Js(q,w)—(3bo/2\/ﬂBm)( Fo4(q)®m (qo): 16+20nf*(q,w)Fos(q)(DQVu(q,w) 16) " 399q (€

36 9% .
Je(q,w)=(ﬁbozﬂ¢1(q)—— bATY(q,0) 7y (q,0)F3(q) Pr(q)—4vr/17*(q,w)(l+ Fz(q)> Qr(qw)
9 - 3 _ 32 _ 3 -
+16b0’1F°3(q)®5ci [7¥(a.0)Qrle0) ] +15 oiifi‘(q,w)n(q)L(q):Pvr(q,w)+E ?M(q) * 17" (q.0)

3 : d -
+3 bMFm(q)@a1 [T’,‘,‘(q,w)fi‘(q,w)Pr(q)])BT(q,w)- (C22)
Here
a A A " AN
L(q)=0a1 <Fi(q)+ Jdcr[n(q)—n(q—mr) 1g(q,q—0G)o6 (C23)
and
a3 .. 4 . . .
M(q)=05‘; ‘Fo(q) + fdc“r[n(q)—n(q—-m‘r)]g(q,q—crtr)a+§ fdan(q—mr)g(q,q—ao')fr

10 [0y,\2 A . o
+3 (7) J-danw(q—alwv)glw(q,q—alwv)a (C24)
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(Q)—(48V2/51T)b0'7]n(Q)( ) fdl)'nw(q a'lwa')glw(q,q 0'1w0')0'0'
J (2) T T ~
+0’2(a . [A(Q)an (qw)] ) +6(—U") bO"r]Tx(q,a))n(q)A(q);Pu(q’w)_(gvz/s,n.)

Ulw 2 —~ 3 3 —~ T T
><(7) bam}‘(q,w)n(q)B(q)-Qu(q,w)+§ ozn(a—q * [f(q,0)B(q) * Qy,(qw)] ) ‘u(q,w)

3 16 a
—woln{4r’,',‘(q,w)A(q)+z 3(0,0)75(q,0)B(q) -Cp(q)]:Suv,,(q,wH \/ﬂBm/l[;;; bo® o - Dy(q)
L J LhJ U\l

(4

- [¥(q,0)n(q)A(q):Pyr(q0)] —5azf‘,‘,‘(q,w)ff(q,w)A(q):f’r(q)

+323q " B@ 4 ()] — 02 $(¢.0)B(q) - Qr(q,w)IST(q,w) (C25)

For the right-hand side of Eq. (3.24) one can derive

@ 9 4
L@ (g,0) 17 +35

173 J 5
Rr(a0)=7 (Erb%-%(qnozwn(q)fdm(q 1) 81 (1 — 013+ =

87 dq

~ 5 _
 [T1(g,0)M() * Quu(a0) 17 +5 01,75 (a.0)n(Q)L(Q) Py(q0) — (9V2/16)0},7} (qw)n(9)M(q)

~ 51 2257
-Qu(q,w)> u(q,w)— 2B(T"‘(q,co)L(q)+ 756 T*(q,w)f*(q,w)M(q) Cp(q)) Suvn(g,0)

32b0? 9
(25 % «®y(q)— wozv*(q,w)n(q,w)L(q)Pr(q)—-vozr*(q,w)M(q) *Qr(q,0)
30 »
+ 02-—-[T*(q,w)n(q)L(q)Pvr(q,w)]+10/la «[M(q)-4; (q,w)])ST(q,w) (C26)

If u(q,w) and 8T (q,0) are sufficiently small (i.e., the system is close to an equilibrium state, as assumed) R,(q,») and
Rr(q,w) are negligibly small, although dn(q)/dq may be large, even of the order n(q)/o. In the immediate vicinity of
walls the main contribution to R, (q,w) would be that from the second term on the right-hand side of Eq. (C25); thus, for
R,(q,w) and Ry(q,w) one will have

48v2
u(q,w)———bmn(q)( )fdonw(q 010)81(4q9—01,0) 50+ u(q,0) (C27)

and
Ry(qw)=0. (C28)

Thus, although due to the assumed immobility of the wall molecules there is momentum production in the system, this
production is only noticeable in the immediate neighborhood of walls.

APPENDIX D: TENSORS 1,,,

We define the 2mth rank tensors i2m so that

(12'")1151!’1 '*"’P25212=61112651526P1P2 o m= 1,2,... (D]. )
w"/ \’W
2m m

where the 8,’s are Kronecker symbols and /;,5; 0} ,....03,52,/,=1,2,3,...,n. Then for any mth rank tensor 4 one can prove
1, (m)A=A, (D2)
A=A, (D3)

i2m@i2m= Lms (D4)
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where @ denotes m-multiple convolution,

n
2 B; ka.g8p.al.p-
a,..B=1
Thus, with respect to the mth rank tensors A the tensor 12,,, plays the same role as the unit matrix I with respect to vectors
(i.e., first rank tensors), and at m=1, 12-1 Although the tensors 1,,, have some other interesting algebraic properties,
for our purposes here we use just Egs. (D1)—(D4), where m=2,3 for convenient tensorial representation of the formulas

(D5)

derived.

APPENDIX E: THE CONTINUITY EQUATION

From Eq. (2.25) one can obtain the time Fourier transformed form of the continuity equation,

Xg(a@,q—08)6(66—31)

=ol[o -fd&n(q)n(q—a&)g(q,q—o&)(&

o 2
+ (%) n(q) f don,(q—01,0)81,(49—01,0)5

(n(q)1+o—’n(q> f dom(q—o&)g(a,q—0&) (6%

4
) cu(q,0) —%— n(q) fd&n(q—aé)g(q,q—oé)&(&&—% I): 3

4

SEPSLALIN I e
-3 )+zaq n(q) on(q—od)

8u(q,w)]

i
iy i g oV (5L
4D +5 3o+ | db n@inta-od)g(aa—00)3(05—iD)

‘u(q,w).

At small u(q,») the right-hand side of Eq. (E1) tends to zero.
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